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Prelude 

The solution of a QFT in the non perturbative regime is a hopeless task. 
It would require the knowledge of a four-dimensional continuum of singular operators Φ(t,x)  
(operateor-valued distributions) satisfying (anti)commutation relations at diferent space points 
 
 
It has however been possible to obtain the solutions of a wide class of QFT problems (not all) 
by following a protocol suggested by K. Wilson in the 70’s, in the framework of QCD. 
It consists in using the Feynmann path-integral formulation of the  theory in a discretized  
Euclidean space-time lattice V=L3xT and Monte Carlo integration techniques. 
It is known as « Lattice Calculations », in particular « Lattice QCD calculations » (LQCD) 
although the method is in principle applicable to any QFT. 
 
In the LQCD context, all Nuclear and Hadronic Physics can be (should be) obtained by  
solving ab-initio a fundamental theory which depends – essentially - on two parameters: 
β  which controls the lattice spacing a 
mq  the bare quark mass mq=mu=md 
 
That makes the strong interaction world as simple as atomic physics… except in practice ! 
 
This lecture aims to shortly describe this fantastic intellectual adventure which, after many 
troubles, is nowadays reaching a maturity era. 
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∑
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∫ 1

0

dτAc
µ(x + aτµ)λc
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∈ SU(3)

xµ = nµa

Ψn = Ψ(x)

2a∂µΨ(x) = Ψn+µ − Ψn−µ

J(x) = Ψ̄(x)Ψ(x)

Sαβ(x, y) =< 0|Ψα(x)Ψ̄β(y)|0 >

[Φ(x), Π(y)] = iδ("x − "y)

[φ(x), Π(y)] = iδ("x − "y)
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Some basics of QFT 

The link betwen QFT and the formal objects  manipulated in LQCD is the LSZ reduction formula 
It states that the S-matrix elements of a theory can be obtained by the time-ordered  
correlations functions. 
In the simplest case of  q1+q2 èp1+p2 process in a scalar theory Φ, e.g., it reads   

Everything can be computed in terms of time-ordered correlations functions, the LQCD bricks 
Not need to know Φ(x) but only vacuum expectation values (vev) of products of Φ(x)  
 

How to compute them ? 
 
Feynman path integral formulation: 
 
 
 
A quite a tricky approach, handable only on a discretized euclidean world.  
 
All we need is a (classical) lagrangian density… 
  

ۺ✭✮? 

4 Lagrangiens

LQCD =
6

∑

s=1

q̄sDs(U)qs + Lg(U)

LQ =
6

∑

s=1

Ψ̄s(iγ
µ∂µ − ms)Ψs

D(φ) = iγµ∂µ − m + gφ

LG = −
1

4
F cµνF c

µν Fcµν =

〈0 | Ô[φ̂(x)] | 0〉 =

∫

[dφ] O[φ(x)] eiS[φ] S =

∫

d4x L[φ(x)]

S =

∫

d4x L[φ(x)]
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1 Introduction

∫

d4x1e
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∫

d4x2e
ip2x2

∫
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∫

d4y2e
−q2y2 〈0 | T

{

φ̂(x1)φ̂(x2)φ̂(y1)φ̂(y2)
}

| 0〉

=
i
√

Z

p1 − m2 + iε

i
√

Z

p2 − m2 + iε

i
√

Z

q1 − m2 + iε

i
√

Z

q2 − m2 + iε
〈p1p2; out | q1q2; in〉

2 Euclidean QFT

Introduce new set of coordinates

xµ
M = (x0, x1, x2, x3) → xµ

E = (x1, x2, x3, x4) = xE
µ

with

x4 = +ix0

x0 = −ix4 ⇔ p4 = −ip0

p0 = +ip4

The integration measure
d4xE = id4xM d4xM = −id4xE

and the scalar product

xM .yM ≡ x0y0 − x1y1 − x2y2 − x3y3 = −x1y1 − x2y2 − x3y3 − x4y4 ≡ −xE.yE

Relations de commutation
[γµ, γµ]+ = 2 δµν µ = 1, 2, 3, 4

Choicz Montvay (8.8 pag 435)

%γE = −i%γM γ4
E = γ0

M

γ4
E =

(

1 0
0 −1

)

%γE =
(

0 −i%σ
i%σ 0

)

γ5 =
(

0 −1
−1 0

)

γ1

E =







0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0






γ2

E =







0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0






γ3

E =







0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0






γ5

E =







0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0







Let us first consider the Klein Gordon free lagrangian

LKG
M = +

1

2

{

∂2
0 − ∂2

x − m2
}

φ = −
1

2

{

∂2
4 + ∂2

x + m2
}

φ (1)

written in tmers of euclidean coordinates
∂2

0 = −∂2
4

The corresponding action is given by

SM =
∫

d4xM LKG
M (x) = i

∫

d4xE LKG
E (x) = iSE

LKG
E =

1

2

{

∂2
4 + ∂2

x + m2
}

φ (2)

SE =
∫

d4xE LKG
E (x)
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Ensemble of Nf=6 spin ½  quarks (u,d,c,s,t,b) 
Eeach q is represented by a color triplet of spinor fields 
 
 
 
If one impose gauge invariance in color space      

I. The QCD Lagrangian   

a vector field Aµ(x) is required, inducing an interaction between quarks 

1 Champss

qc
α(x) =





qb
α(x)

qr
α((x)

qv
α((x)
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f = 1, . . . , 6

det[Mxy] e−S[Uµ]

det[D(U)] e−Sg[U ]

p(U) = det[D(U)] e−Sg[U ]

U = {Uµ(x), x ∈ V }

Uµ(x) =





. . .

. . .

. . .



 ∈ SU(3)

Uµ(x) =





. . .

. . .

. . .



 ∈ SU(3) µ = 1, 2, 3, 4
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2 QCD dans le continu

Elle est batie avec les ingrédients suivants:

2.1 Champ de quarks

Ψ: champs à trois indices saveur-couleur-spin {Ψf}c
s(x)

Soit six 3-spinors de Dirac de la forme

Ψu(x) =





Ψr
s(x)

Ψb
s(x)

Ψg
s(x)





L(x) =
6
∑

f=1

q̄f (x) (iγµ∂µ − mf ) qf (x) (2)
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2.3 Lagrangien QCD

Le Lagrangien QCD s’écrit:

L(x) =
6
∑

f=1

q̄f (x) (iγµDµ − mi) qf (x) −
1

4
F aµν(x)F a

µν(x) (7)

avec

Fµν =
1

2

∑

a

λaF a
µν

et

• Soit ( Gross 421, Gattringer)

Dµ = ∂µ + igAµ

Fµν = ∂µAa
ν − ∂νA

a
µ + ig[Aµ, Aν ]

g Fµν = i[Dµ,Dν ]

F a
µν = ∂µAa

ν − ∂νA
a
µ − gfabcA

b
µ(x)Ac

ν

• Soit (Peskin)
Dµ = ∂µ − igAµ

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ]

g Fµν = −i[Dµ,Dν ]

F a
µν = ∂µAa

ν − ∂νAa
µ + gfabcA

b
µAc

ν

Les deux formes sont utilisées par [?] !

2.3.1 Partie fermionique

Elle est invariante par les transformations de jauge

q(x) → q′(x) = G(x)q(x)
q̄(x) → q̄′(x) = q̄(x)G†(x)

et cela nous donne les tranformations du champ Aµ

Puisque le terme de masse est clairement invariant, on doit avoir

1. Avec derivee covariante +

q̄′(x)
[

iγµ(∂µ + igA′
µ)
]

q′(x) = q̄(x) [iγµ(∂µ + igAµ)] q(x)

soit
G†
[

iγµ(∂µ + igA′
µ)
]

G = [iγµ(∂µ + igAµ)]

soit
G†∂µG + igG†A′

µG = ∂µ + igAµ

soit
G†(∂µG) + ∂µ + igG†A′

µG = ∂µ + igAµ

puisque
G†∂µ(Gq) = G†[(∂µG)q + G∂µq] = G†(∂µG)q + ∂µq

Donc
G†(∂µG) + igG†A′

µG = igAµ

Soit
(∂µG)G† + igA′

µ = igGAµG†

Soit (Gross 41, Gattringer 29)

A′
µ = GAµG† +

i

g
(∂µG)G† (8)
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2 QCD dans le continu
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s(x)

Soit six 3-spinors de Dirac de la forme

Ψu(x) =





Ψr
s(x)

Ψb
s(x)

Ψg
s(x)





L(x) =
6
∑

f=1

q̄f (x) (iγµ∂µ − mf ) qf (x) (2)

G(x) ∈ SU(3)
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2.3 Lagrangien QCD
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1

4
F aµν(x)F a

µν(x) (7)

avec

Fµν =
1

2

∑

a

λaF a
µν

et

• Soit ( Gross 421, Gattringer)

Dµ = ∂µ + igAµ

Fµν = ∂µAa
ν − ∂νA

a
µ + ig[Aµ, Aν ]

g Fµν = i[Dµ,Dν ]

F a
µν = ∂µAa

ν − ∂νA
a
µ − gfabcA

b
µ(x)Ac

ν

• Soit (Peskin)
Dµ = ∂µ − igAµ

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ]

g Fµν = −i[Dµ,Dν ]

F a
µν = ∂µAa

ν − ∂νAa
µ + gfabcA

b
µAc

ν

Les deux formes sont utilisées par [5] !
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The QCD Lagrangian is completed by fixing the Aµ(x) dynamics  

2.3 Lagrangien QCD

Le Lagrangien QCD s’écrit:

L(x) =
6
∑

f=1

q̄f (x) (iγµDµ − mi) qf (x) −
1

4
F aµν(x)F a

µν(x) (7)

avec

Fµν =
1

2

∑

a

λaF a
µν

et

• Soit ( Gross 421, Gattringer)

Dµ = ∂µ + igAµ

Fµν = ∂µAa
ν − ∂νA

a
µ + ig[Aµ, Aν ]

g Fµν = i[Dµ,Dν ]

F a
µν = ∂µAa

ν − ∂νA
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µ − gfabcA

b
µ(x)Ac

ν

• Soit (Peskin)
Dµ = ∂µ − igAµ

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ]

g Fµν = −i[Dµ,Dν ]

F a
µν = ∂µAa

ν − ∂νAa
µ + gfabcA

b
µAc

ν

Les deux formes sont utilisées par [5] !
On peut aussi ecire la partie guage

LQCD(x) =
6
∑

f=1

q̄f (x) (iγµDµ − mi) qf (x) −
1

2
Tr {Fµν(x)Fµν(x)} (8)

2.3.1 Partie fermionique

Elle est invariante par les transformations de jauge

q(x) → q′(x) = G(x)q(x)
q̄(x) → q̄′(x) = q̄(x)G†(x)

et cela nous donne les tranformations du champ Aµ

Puisque le terme de masse est clairement invariant, on doit avoir

1. Avec derivee covariante +

q̄′(x)
[

iγµ(∂µ + igA′
µ)
]

q′(x) = q̄(x) [iγµ(∂µ + igAµ)] q(x)

soit
G†
[

iγµ(∂µ + igA′
µ)
]

G = [iγµ(∂µ + igAµ)]

soit
G†∂µG + igG†A′

µG = ∂µ + igAµ

soit
G†(∂µG) + ∂µ + igG†A′

µG = ∂µ + igAµ

puisque
G†∂µ(Gq) = G†[(∂µG)q + G∂µq] = G†(∂µG)q + ∂µq
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with 

In a gauge transform 

2.3.2 Partie de jauge

Lg(x) = −
1

4
F a

µν(x)F a
µν(x)

En utilisant (??), elle peut se reecrire sous forme

Lg(x) = −
1

2
Tr{Fµν(x)Fµν(x)}

En effet

Tr{FµνFµν} =
1

4

∑

ab

Tr{λaλb}F a
µνF b

µν =
1

2

∑

a

F a
µνF a

µν

On a donc une expression equivalente

Lg(x) = −
1

2
Trc {Fµν(x)Fµν(x)} (15)

D’apres sa definition – en tant que commutateurs de Dµ – le tenseur se transforme suivant

Fµν(x) → F ′
µν(x) = G(x)Fµν(x)G†(x)

Donc
F ′

µν(x)F ′
µν(x) → G(x)Fµν (x)G†(x)G(x)Fµν (x)G†(x) = G(x)Fµν(x)Fµν(x)G†(x)

Mais la trace est invariante

Tr[F ′
µνF ′

µν ] = Tr[GFµνFµνG†] = Tr[G†GFµνFµν ] = Tr[FµνFµν ]
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Donc

G†(∂µG) + igG†A′
µG = igAµ

Soit

(∂µG)G† + igA′
µ = igGAµG†

Soit (Gross 41, Gattringer 29)

Aµ → A′
µ = GAµG† +

i

g
(∂µG)G† (9)

• Si G(x) = eiε(x)

A′
µ = GAµG† −

1

g
∂µε (10)

Pour une transformation infinitessimale

A′
µ = Aµ − i[Aµ, ε] −

1

g
∂µε

Soit

A′a
µ(x) = Aa

µ(x) −
1

g
∂µεa(x) +

∑

bc

fabcA
b
µ(x)εc(x)

• Si G(x) = e−iε(x) (Choix Gross 421)

A′
µ = GAµG† +

1

g
∂µε (11)

Pour une transformation infinitessimale

A′
µ = Aµ + i[Aµ, ε] +

1

g
∂µε

Soit

A′a
µ(x) = Aa

µ(x) +
1

g
∂µεa(x) −

∑

bc

fabcA
b
µ(x)εc(x)

Gross 13.29

2. Avec derivee covariante − on aurait eu

A′
µ = GAµG† −

i

g
(∂µG)G† (12)

• Si G(x) = eiε(x)

A′
µ = GAµG† +

1

g
∂µε (13)

A′
µ = Aµ − i[Aµ, ε] +

1

g
εµ

Soit

A′a
µ(x) = Aa

µ(x) +
1

g
∂µεa(x) +

∑

bc

fabcA
b
µ(x)εc(x)
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Everything relies on « gauge invariance » 

2.3 Lagrangien QCD

Le Lagrangien QCD s’écrit:

L(x) =
6
∑

f=1

q̄f (x) (iγµDµ − mi) qf (x) −
1

4
F aµν(x)F a

µν(x) (7)

avec

Fµν =
1

2

∑

a

λaF a
µν

et

• Soit ( Gross 421, Gattringer)

Dµ = ∂µ + igAµ

Fµν = ∂µAa
ν − ∂νA

a
µ + ig[Aµ, Aν ]

g Fµν = i[Dµ,Dν ]

F a
µν = ∂µAa

ν − ∂νA
a
µ − gfabcA

b
µ(x)Ac

ν

• Soit (Peskin)
Dµ = ∂µ − igAµ

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ]

g Fµν = −i[Dµ,Dν ]

F a
µν = ∂µAa

ν − ∂νAa
µ + gfabcA

b
µAc

ν

Les deux formes sont utilisées par [5] !
On peut aussi ecire la partie guage

LQCD(x) =
6
∑

f=1

q̄f (x) (iγµDµ − mi) qf (x) −
1

2
Tr {Fµν(x)Fµν(x)} (8)

2.3.1 Partie fermionique

Elle est invariante par les transformations de jauge

q(x) → q′(x) = G(x)q(x)
q̄(x) → q̄′(x) = q̄(x)G†(x)

et cela nous donne les tranformations du champ Aµ

Puisque le terme de masse est clairement invariant, on doit avoir

1. Avec derivee covariante +

q̄′(x)
[

iγµ(∂µ + igA′µ)
]

q′(x) = q̄(x) [iγµ(∂µ + igAµ)] q(x)

soit
G†
[

iγµ(∂µ + igA′µ)
]

G = [iγµ(∂µ + igAµ)]

soit
G†∂µG + igG†A′µG = ∂µ + igAµ

soit
G†(∂µG) + ∂µ + igG†A′µG = ∂µ + igAµ

puisque
G†∂µ(Gq) = G†[(∂µG)q + G∂µq] = G†(∂µG)q + ∂µq
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s(x)

Soit six 3-spinors de Dirac de la forme

Ψu(x) =





Ψr
s(x)

Ψb
s(x)

Ψg
s(x)





L(x) =
6
∑

f=1

q̄f (x) (iγµ∂µ − mf ) qf (x) (2)

G(x) ∈ SU(3)

G(x)G†(x) = 1
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�

µ

† = �

µ

2. �5 ⌘ �1�2�3�4

(a) Faite pour anticommuter avec toutes les autres

[�5, �µ

]+ = 0

(b) Le choix de definition (sans i) est pour avoir aussi l’hermiticité
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1 Introduction

2 Euclidean QFT

Introduce new set of coordinates

xµ
M = (x0, x1, x2, x3) → xµ

E = (x1, x2, x3, x4) = xE
µ

with

x4 = +ix0

x0 = −ix4 ⇔ p4 = −ip0

p0 = +ip4

The integration measure
d4xE = id4xM d4xM = −id4xE

and the scalar product

xM .yM ≡ x0y0 − x1y1 − x2y2 − x3y3 = −x1y1 − x2y2 − x3y3 − x4y4 ≡ −xE.yE
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Let us first consider the Klein Gordon free lagrangian

LKG
M = +

1

2

{

∂2
0 − ∂2

x − m2
}

φ = −
1

2

{

∂2
4 + ∂2

x + m2
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φ (1)

written in tmers of euclidean coordinates
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0 = −∂2
4

The corresponding action is given by
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Dirac

LD
M = Ψ̄(x)
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iγµ
M∂M

µ − m
]

Ψ(x) (3)
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III. Some basic models in euclidean 

Exemple 1: Klein Gordon 
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IV. Euclidean correlators 

Vacuum expectation value (VEV) of a product of two operators at different (euclidean) times 

3.8 Euclidean correlators

Gattringer 4

An euclidean correlator can be evaluated by the general expression

< 0 | O1(t)O2(0) | 0 >=
∑

k

< 0 | O1 | k >< k | O2 | 0 > e−(Ek−E0)t

Working on Heissenb picture one has 6

OH(t) = eHtO(0)e−Ht

< 0 | O1(t)O2(0) | 0 >=< 0 | O1(t)O2(0) | 0 >

6Reminscent of
OH(t) = eiHtO(0)e−−Ht

setting x4 = it

28

Is a central quantity in LQCD computations. 
 
On one hand it has a simple physical interpretation in terms of interesting physical quantities 
One can show that: 

On the other hand it is accessible in the numerical simulations of euclidean QFT 
(as any VEV)  
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We use for that (Heisenberg picture) 
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and introdcue a complet set of H eigenstate: 
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LQCD : Gluonic part 

8 gluon vector fields  
 
1 « color-matrix» gluon field 
   λ=Gell-Mann SU(3) matrices 

Gluonic action 

1 Introduction

2 The discretized QCD theorie

Let us consider the QCD continuous Lagrangian
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where λa are the Gell-Mann – hermitian traceles – matrices, generators of SU(3).
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1

2

∑

a

λcc′

a F a
µν(x) = ∂µAcc′

ν (x) − ∂νA
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3 Computing observables

3.1 Gluonic matter

3.2 Meson mass
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10x8 tensor fields  

2.3 SU(3)

On écrit la loi de transformation sous forme compacte

G(x) = e

�ig✏(x) (14)

avec

✏(x) =
3

X

c=1

�

c

2
✏

c

(x)

G(x) = exp
(

�ig

3
X

c=1

�

c

2
✏

c

(x)
)

2 SU(3) (15)

SU(3 a n

2 � 1 = 8 generateurs

2.3.1 Propriétés des matrices de Gell-Mann de sU(3)

Gross 424/611, Montvay 435

1. Relations de commutation
"

�

a

2
,

�

b

2

#

= if

abc

�

c

2

h

�

a

, �

b

i

= 2if

abc

�

c (16)

avec f

abc

tenseur completement antisymetrique et réel

f123 = 1 f246 = 1
2 f367 = �1

2

f147 = +1
2 f257 = 1

2 f458 =
p

3
2

f56 = �1
2 f345 = 1

2 f458 =
p

3
2

Avec les propriétés
X

cd

f

acd

f

bcd

= N�

ab

X

def

f

ade

f

bef

f

cfd

=
N

2
f

abc

2. Relation d’anticommutation
{�

a

, �

b

} =
4
N

�

ab

+ 2d

abc

�

c

(17)

3. Hermitiques et de trace nulle
�

† = � Tr(�) = 0

4. Normalisation
Tr{�

a

�

b

} = 2�

ab

(18)

5.
X

c

�

c

�

c

=
16
3

1

6. Les matrices � forment une base de l’espace vectoriel de matrice 3 ⇥ 3 hermitiques muni du produit
scalaire

A · B = Tr(AB)

• La relation (18) montre que les � sont une base orthogonale de norme carré 2

9

2.3 SU(3)
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10 « color tensor » fields  

3 The discretized QCD theorie
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where λa are the Gell-Mann – hermitian traceles – matrices, generators of SU(3).
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Fµν(x) = ∂µAν(x) − ∂νAµ(x) + ig[Aµ(x), Aν(x)]

The gluonic action is
Lg(x) =

Gauge invariance gives
Fµν(x) → F ′

µν = G(x)Fµν (x)G†(x)

3.1 Gluonic action

Sg =
∫

d4xLg(x) =
1

2
FµνFµν(x)

Replace derivative by finite diferences

2a ∂µAν(x) = Aν(x + µ) − Aν(x − µ) + o(a3)
2a ∂νAµ(x) = Aµ(x + ν) − Aµ(x − ν) + o(a3)

2a Fµν(x) = Aν(x + µ) − Aν(x − µ) − Aµ(x + ν) + Aµ(x − ν) + 2iag[Aµ(x), Aν(x)] + o(a3)

Sg =
a4

2

∑

x

Fµν(x)Fµν(x)

Wilsn consider the Wilson line, along a ”link” from x to an adjacent site in the direction x+µ that is the circulation
of the Gluon field

W (x, x + µ) = exp
{

ig

∫ x+µ

x
dzµAµ(z)

}

4

3 The discretized QCD theorie

Let us consider the QCD continuous Lagrangian
Ingredients
8 ,real and hermitian, vector fields Aa

µ(x). They have two indices µ and the color a.

Aa
µ(x) = {A1

µ, A2
µ, A3

µ, . . . , A8
µ}

We cosntuct the color matrix field

Acc′

µ (x) =
1

2

8
∑

a=1

λcc′

a Aa
µ(x) =





A11
µ A12

µ A13
µ

A21
µ A22

µ A23
µ

A31
µ A32

µ A33
µ



 (5)

Aµ(x) =
1

2

8
∑

a=1

λaA
a
µ(x) =





A11
µ A12

µ A13
µ

A21
µ A22

µ A23
µ

A31
µ A32

µ A33
µ



 (6)

where λa are the Gell-Mann – hermitian traceles – matrices, generators of SU(3).
One built with that, 8 antismytetric rank-2 tensor fileds

F a
µν(x) = ∂µAa

ν(x) − ∂νA
a
µ(x) + g

∑

βγ

fa
βγAβ

µ(x)Aγ
ν(x)

and corresponding color matrices

F cc′

µν (x) =
1

2

∑

a

λcc′

a F a
µν(x) = ∂µAcc′

ν (x) − ∂νA
cc′

µ (x) + g
∑

aβγ

λcc′

a fa
βγ Aβ

µ(x)Aγ
ν(x)

Fµν(x) = ∂µAν(x) − ∂νAµ(x) + ig[Aµ(x), Aν(x)]

The gluonic action is
Lg(x) =

Gauge invariance gives
Fµν(x) → F ′

µν = G(x)Fµν (x)G†(x)

3.1 Gluonic action

Sg =
∫

d4xLg(x) =
1

2
FµνFµν(x)

Replace derivative by finite diferences

2a ∂µAν(x) = Aν(x + µ) − Aν(x − µ) + o(a3)
2a ∂νAµ(x) = Aµ(x + ν) − Aµ(x − ν) + o(a3)

2a Fµν(x) = Aν(x + µ) − Aν(x − µ) − Aµ(x + ν) + Aµ(x − ν) + 2iag[Aµ(x), Aν(x)] + o(a3)

Sg =
a4

2

∑

x

Fµν(x)Fµν(x)

Wilsn consider the Wilson line, along a ”link” from x to an adjacent site in the direction x+µ that is the circulation
of the Gluon field

W (x, x + µ) = exp
{

ig

∫ x+µ

x
dzµAµ(z)

}

4

3 The discretized QCD theorie

Let us consider the QCD continuous Lagrangian
Ingredients
8 ,real and hermitian, vector fields Aa

µ(x). They have two indices µ and the color a.

Aa
µ(x) = {A1

µ, A2
µ, A3

µ, . . . , A8
µ}

We cosntuct the color matrix field

Acc′

µ (x) =
1

2

8
∑

a=1

λcc′

a Aa
µ(x) =





A11
µ A12

µ A13
µ

A21
µ A22

µ A23
µ

A31
µ A32

µ A33
µ



 (5)

Aµ(x) =
1

2

8
∑

a=1

λaA
a
µ(x) =





A11
µ A12

µ A13
µ

A21
µ A22

µ A23
µ

A31
µ A32

µ A33
µ



 (6)

where λa are the Gell-Mann – hermitian traceles – matrices, generators of SU(3).
One built with that, 8 antismytetric rank-2 tensor fileds

F a
µν(x) = ∂µAa

ν(x) − ∂νA
a
µ(x) + g

∑

βγ

fa
βγAβ

µ(x)Aγ
ν(x)

and corresponding color matrices

F cc′

µν (x) =
1

2

∑

a

λcc′

a F a
µν(x) = ∂µAcc′

ν (x) − ∂νA
cc′

µ (x) + g
∑

aβγ

λcc′

a fa
βγ Aβ

µ(x)Aγ
ν(x)

Fµν(x) = ∂µAν(x) − ∂νAµ(x) + ig[Aµ(x), Aν(x)]

The gluonic action is

Lg(x) =
1

2
Tr [FµνFµν(x)]

Sg(x) =
1

2

∫

d4x Tr [FµνFµν(x)]

Gauge invariance gives
Fµν(x) → F ′

µν = G(x)Fµν (x)G†(x)

3.1 Gluonic action

Sg =
∫

d4xLg(x) =
1

2
FµνFµν(x)

Replace derivative by finite diferences

2a ∂µAν(x) = Aν(x + µ) − Aν(x − µ) + o(a3)
2a ∂νAµ(x) = Aµ(x + ν) − Aµ(x − ν) + o(a3)

2a Fµν(x) = Aν(x + µ) − Aν(x − µ) − Aµ(x + ν) + Aµ(x − ν) + 2iag[Aµ(x), Aν(x)] + o(a3)

Sg =
a4

2

∑

x

Fµν(x)Fµν(x)

4

3 Lagrangiens

LQCD =
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∑

s=1

q̄sDs(U)qs + Lg(U)

LQ =
6

∑

s=1

Ψ̄s(iγ
µ∂µ − ms)Ψs

D(φ) = iγµ∂µ − m + gφ

Lg =
1

4
F a

µνF
a
µν

〈0 | Ô[φ̂(x)] | 0〉 =

∫

[dφ] O[φ(x)] eiS[φ] S =

∫

d4x L[φ(x)]

S =

∫

d4x L[φ(x)]
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LQCD : Gluonic part 

« Natural » procedure: 
 
1. Replace derivative by finite differences with lattice spacing a 

Discretization 

2. Insert it in a discret sum over lattice sites   

1 Introduction

2 The discretized QCD theorie

Let us consider the QCD continuous Lagrangian
Ingredients
8 ,real and hermitian, vector fields A

a
µ(x). They have two indices µ and the color a.

A
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µ(x) = {A1

µ, A

2
µ, A

3
µ, . . . , A

8
µ}

We cosntuct the color matrix field

A

cc0
µ (x) =

1
2

8X

a=1

�

cc0
a A

a
µ(x) =

0

@
A

11
µ A

12
µ A

13
µ

A

21
µ A

22
µ A

23
µ

A

31
µ A

32
µ A

33
µ

1

A (1)

where �a are the Gell-Mann – hermitian traceles – matrices, generators of SU(3).
One built with that, 8 antismytetric rank-2 tensor fileds

F

a
µ⌫(x) = @µA

a
⌫(x)� @⌫A

a
µ(x) + g

X

��

f

a
��A

�
µ(x)A�

⌫(x)

and corresponding color matrices

F

cc0
µ⌫ (x) =

1
2

X

a

�

cc0
a F

a
µ⌫(x) = @µA

cc0
⌫ (x)� @⌫A

cc0
µ (x) + g

X

a��

�

cc0
a f

a
�� A

�
µ(x)A�

⌫(x)

Fµ⌫ = @µA

a
⌫ � @⌫A

a
µ + ig[Aµ, A⌫ ]

The gluonic action is
Lg(x) =

Gauge invariance gives
Fµ⌫(x)! F

0
µ⌫ = G(x)Fµ⌫(x)G†(x)

2.1 Gluonic action

Sg =
Z

d

4
xLg(x) =

1
2
Fµ⌫Fµ⌫(x)

Replace derivative by finite diferences

2a @µA⌫(x) = A⌫(x + µ)�A⌫(x� µ) + o(a3)
2a @⌫Aµ(x) = Aµ(x + ⌫)�Aµ(x� ⌫) + o(a3)

2aFµ⌫(x) = [A⌫(x + µ)�A⌫(x� µ)]� [Aµ(x + ⌫)�Aµ(x� ⌫)] + 2iag[Aµ, A⌫ ] + o(a3)

3 Computing observables

3.1 Gluonic matter

3.2 Meson mass
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2 The discretized QCD theorie

Let us consider the QCD continuous Lagrangian
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where �a are the Gell-Mann – hermitian traceles – matrices, generators of SU(3).
One built with that, 8 antismytetric rank-2 tensor fileds
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3 Computing observables

3.1 Gluonic matter

3.2 Meson mass
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It does not work ! 
Gauge invariance is lost for a non zero value of a   

K.G. Wilson overcame this problem in 74  (Phys Rev D10, 2445)  
thus giving the starting point of LQCD 



LQCD : Gluonic part 

Wilson action : consider  the « Wilson line » along a « link »  

Not Gauge Invariant but « good » transformations  

Consider product of 4 link variables along a « plaquette » 
 

U

µ

(x) = exp
⇢

ig

Z
x+µ

x

dz

µ

A

µ

(z)
�

= e

igaAµ(x)

Its discretized version reads
U

µ

(x) = e

igaAµ(x)

t is not gauge invariant but has good properties in the GT
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igaAµ(x)

Its discretized version reads
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igaAµ(x)

t is not gauge invariant but has good properties in the GT

U

µ

(x)! G(x)U
µ

(x)G†(x + µ) (2)

U

µ⌫

(x) = U

µ

(x) U

⌫

(x + µ) U

†
µ

(x + ⌫)U †
⌫

(x) (3)

4

3.2 Plaquettes

3.2.1 Définition

Les plaquettes sont des produits ordonés de liens de jauge le long de lignes fermées

Exemple plaquette (1, 1) dans le plan (µ, ν)

W 1,1
µν (x) = Re Tr

{

Uµ(x)Uν(x + µ)U †
µ(x + ν)U †

ν(x)
}

x

x + ν

x + µ

x + µ + ν

!

"

#
$

Uµ(x)

Uν(x + µ)U †
ν(x)

U †
µ(x + ν)

On notera la plaquette (1,1)

Uµν(x) = Uµ(x) Uν(x + µ) U †
µ(x + ν)U †

ν(x) (27)

3.2.2 Transformation de jauge

Uµ(x) → g(x) Uµ(x) g−1(x + µ)
Uν(x + µ) → g(x + µ) Uν(x + µ) g−1(x + µ + ν)
U †

µ(x + ν) → g(x + µ + ν) U †
µ(x + ν) g−1(x + ν)

U †
ν (x) → g(x + µ) U †

ν (x) g−1(x)

U ′
µν(x) = g(x)Uµ(x)g−1(x+µ)g(x+µ)Uν (x+µ)g−1(x+µ+ν)g(x+µ+ν)U †

µ(x+ν)g−1(x+ν)g(x+µ)U †
ν (x)g−1(x)

Donc
Uµν(x) → U ′

µν(x) = g(x)Uµν(x)g−1(x)

1. La plaquette n’est pas invariante de jauge mais sa trace oui!
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Show that: 
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One then can show that at the leading order
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2
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4

GREAT !!! 
 
Since by expaning: 
 
and finally:  
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Re Tr {1� U

µ⌫
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4

2
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F

µ⌫

(x)F
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and so
Re Tr {1� U

µ⌫
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a

4

2
Tr {F

µ⌫

(x)F
µ⌫

(x)} + o(a6) (4)

The gluonic action is

S

g

=
�

3
X

x

X

µ<⌫

Re Tr {1� U

µ⌫

(x)} =
�

3
X

x

X

µ<⌫

P

µ⌫
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6
g

2
(5)
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All kind of improvements: Luscher-Weisz, Iwasaki,… 

Uµ(x) = exp
{

ig

∫ x+µ

x
dzµAµ(z)

}

= eigaAµ(x)

U †
µ(x) = exp

{

ig

∫ x

x+µ
dzµAµ(z)

}

= e−igaAµ(x)

Its discretized version reads
Uµ(x) = eigaAµ(x)

t is not gauge invariant but has good properties in the GT

Uµ(x) → G(x)Uµ(x)G†(x + µ) (7)

Uµν(x) = Uµ(x) Uν(x + µ) U †
µ(x + ν)U †

ν(x) (8)

One then can show that at the leading order

Uµν(x) = eia2Fµν(x) = 1 + ia2Fµν(x) −
a4

2
Fµν(x)Fµν(x) + o(a6)

By expanding

Uµν(x) = 1 + ia2Fµν(x) −
a4

2
Fµν(x)Fµν(x) + o(a6)

and so

Re Tr {1 − Uµν(x)} =
a4

2
Tr {Fµν(x)Fµν(x)} + o(a6) (9)

The gluonic action is

Sg =
β

3

∑

x

∑

µ<ν

Re Tr {1 − Uµν(x)} =
β

3

∑

x

∑

µ<ν

Pµν(x) β =
6

g2
(10)

The dynamical variables are not longuer the photons fields Aµ but the link-variables Uµ(x) ∈ SU(3). The
Feynmann path formulation of QFT tell us that one can compute the average value of any observable depending
on gauge variable in the following way

< 0 | Ô[U ] | 0 >=
1

Z

∫

[dU ] Ô[U ] e−Sg[U ] Z =
∫

[dU ] e−Sg[U ]

In a discretized lattice the sum over all U is erformed by a Monte Carlo techniques, i e by averaging over a
configuration sampling obtained with a distribution probability

ρ[U ] =
1

Z
e−Sg [U ]

that is

< 0 | Ô[U ] | 0 >=
1

N

N
∑

i=1

Ô[{U}i] + O

(

1√
N

)

{U}i =
{

U (i)
µ (x1), U

(i)
µ (x2), . . . , U

(i)
µ (xV )

}

{U}i ∼ ρ[U ] =
1

Z
e−Sg[U ]

How to obtain such a sampling ?

5



Pure glue numerical simulations
  

The Feynman path-integral fromulation for a VEV of any operator 

Becomes on a lattice V=L3T 

i.e. an aritmetic average of O(U) over an statistical sample of  N configurations 
 
 
 
distributed according to a probability law ρ 
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[dU ] Ô[U ] e�Sg [U ] Z =
Z

[dU ] e�Sg [U ]

In a discretized lattice the sum over all U is erformed by a Monte Carlo techniques, i e by averaging over a
configuration sampling obtained with a distribution probability

⇢[U ] = e�Sg [U ]

that is

< 0 | Ô | 0 >=
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How to generate such an ensemble ? 



QM is here ! 

Metropolis algortim:

Start with a more or less arbitrary configuration U0 (e.g. U = 1 or U = ran)

1. For any link variable Uµ(x) propose random change according to some ”democratic” criterion

Uµ(x) → U ′
µ(x)

2. Compute the resulting modification in the total action

∆S = Sg(U
′) − Sg(U)

3. Generate a random number r ∈ [0, 1]. If r ≤ e−∆S accept the change, otherwise keep Uµ(x)

4. Go to 1 untill all links are examined

At the end we obtain a new configuration
Un → Un+1

One generates this way a Markov chain reaching a statistical equilibrium.

U0, U1, . . . , Ui, Ui+1, . . .

Once this is achieved, a series of uncorrelated N measurements can be done.

This seminal method is however not very efficient, specially for gauge theories.
More efficient algorithms exists: Heat bath, overrelaxation, Hybrid Monte Carlo (HMC), . . .

3.2 Fermionic action

The free fermionic actions reads
LD = Ψ̄(x)(γµ∂µ + m)Ψ(x) (12)

discrerising fields
2a ∂µΨ(x) = Ψ(x + µ) − Ψ(x − µ)

SF =
a3

2

∑

x

Ψ̄x

∑

µ

γµ [Ψx+µ̂ − Ψx−µ̂] + Ma4
∑

x

Ψ̄xΨx

For instance

Ψ̄xΨx+µ̂ → Ψ̄′
xΨ

′
x+µ̂ = Ψ̄xG

†(x)G(x + µ)Ψx+µ

The gauge invariance is restaured by inserting the link operator in front of forward and backward derivatives

Ψ̄xΨx+µ̂ → Ψ̄x Uµ(x) Ψx+µ̂

Ψ̄xΨx−µ̂ → Ψ̄x U−µ(x) Ψx−µ̂

with
U−µ(x) = U †

µ(x − µ)

One obtain this way a discretized fermionic action

SF =
a3

2

∑

x

Ψ̄x

∑

µ

γµ

[

Uµ(x)Ψx+µ̂ − U †
µ(x − µ)Ψx−µ̂

]

+ Ma4
∑

x

Ψ̄xΨx
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A first application: the qq potential   _ 

Consider Wilson loop 
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13.1 Potential qq̄ with Wilson loops
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Let T (!x, n4) be a Wilson line on temporal direction x4 starting at x0 = (!x, 0) and made of n4 gauge links

T (!x, n4) = U4(!x, 0)U4(!x, 1)U4(!x, 2) . . . U4(!x, n4 − 1)

The same for a ”parallel” Wilson line starting at y0 = (!y, 0)

T (!y, n4) = U4(!y, 0)U4(!y, 1)U4(!x, 2) . . . U4(!y, n4 − 1)

Let S(!x, !y, 0) be a spatial Wilson line going from x0 = (!x, 0) to y0 = (!y, 0) along a path γ0 in the ”plane”
x4 = 0.

S(!x, !y, 0) =
∏

!z,µ∈γ0

Uµ(!z, 0)

In case that both !x and !y are along the same coordinate axis µ (corresponding to figure)

S(!x, !y, 0) = Uµ(!x, 0)Uµ( !x + µ, 0)Uµ(!x + 2µ, 0) . . .

Let S(!x, !y, n4) be the parallel transporteted at x4 = n4

S(!x, !y, n4) =
∏

!z,µ∈γn4

Uµ(!z, n4)

We construct with all that the ”Wilson Loop”

W (!x, !y, n4) = Tr
{

S(!x, !y, n4) T †(!y, n4) S†(!x, !y, 0) T (!x, n4)
}

TIts is called planar if x and y are along the same coordinate axis µ
If we work wit the ”temporal gauge” A4 = 0 and U4 = 1

W (!x, !y, n4) = Tr
{

S(!x, !y, n4) S†(!x, !y, 0)
}

This si an euclidean correlator and can be evaluated by the general expression

< 0 | O1(t)O2(0) | 0 >=
∑

k

< 0 | O1 | k >< k | O2 | 0 > e−Ek−E0

13.2 Potential qq̄ with Polyakov loops
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where, e.g. 

Compute Its VEV in a « temporal gauge » U4=0 (since gauge invariant!) 

It s an Euclidean correlator between t=0 and t=nt, and so 

- 

5 Computing observables

5.1 Meson mass

C(t) =
X

~x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
X

~x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= �
X

~x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= �
X

~x

Tr [S
d

(x, 0)S
u

(0, x)]

= �
X

~x

Tr
h

S
d

(x, 0)�5S
†
u

(x, 0)�5

i

We use
S(x, 0) = �5S

†(0, x)�5

J
P

(x) = iū(x)�5d(x)

C
P

(t) =
X

~x

Tr
n

[�5S
d

(x, 0)] [�5Su

(x, 0)]†
o

< 0 | O1(t)O2(0) | 0 >=
X

n

< 0 | O1 | n >< n | O2 | 0 > e�Ent ⇠ e�E0t

5.2 Meson mass

Signal to noise ⇠ e�(MN�3 2M⇡)t

�N = C�5

5.3 Gluonic matter

5.4 qq̄ potential

< 0 | W (~x, ~y, n4) | 0 >=
X

k

X

ij

< 0 | S
ij

(~x, ~y, n4) | k >< k | S†
ji

(~x, ~y, 0) | 0 > e�(Ek�E0)n4a

(E1 � E0) ⌘ V
qq̄

(r) r = a | ~x� ~y |

< 0 | W (~x, ~y, n4) | 0 >⇠ e�V (r) n4a = e�V (r) t

It can be obtaned by means of Polyakov loop”, tha is

< 0 | P (~x) P †(~y) | 0 > ⇠ e�V (r) aT

⌘ =< 0 | P (~x) | 0 >

Plays a role of order parameter for the deconfinement transtition at finite temperature
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}
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The excitation energy with respect to vacuum state E0 is interpreted (not arbitrarily!!!) as the 
excitation energy (potential) at the respectives positions x and y 

is an euclidean correlator and can be evaluated by the general expression

< 0 | O1(t)O2(0) | 0 >=
∑

k

< 0 | O1 | k >< k | O2 | 0 > e−(Ek−E0)t

< 0 | W (!x, !y, n4) | 0 >=
∑

k

∑

ij

< 0 | Sij(!x, !y, n4) | k >< k | S†
ji(!x, !y, 0) | 0 > e−(Ek−E0)t

(E1 − E0) ≡ Vqq̄(r) r = a | !x − !y |

13.2 Potential qq̄ with Polyakov loops
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The VEV of the Wilson Loop provides a Lattice measurement of the         potential 

5 Computing observables

5.1 Meson mass

C(t) =
X

~x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
X

~x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= �
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Tr [S
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(x, 0)S
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(0, x)]
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P
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Tr
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< 0 | O1(t)O2(0) | 0 >=
X

n

< 0 | O1 | n >< n | O2 | 0 > e�Ent ⇠ e�E0t

5.2 Meson mass

Signal to noise ⇠ e�(MN�3 2M⇡)t

�N = C�5

5.3 Gluonic matter

5.4 Potential

< 0 | W (~x, ~y, n4) | 0 >=
X

k

X

ij

< 0 | S
ij

(~x, ~y, n4) | k >< k | S†
ji

(~x, ~y, 0) | 0 > e�(Ek�E0)n4a

(E1 � E0) ⌘ V
qq̄

(r) r = a | ~x� ~y |

< 0 | W (~x, ~y, n4) | 0 >⇠ e�V (r) n4a = e�V (r) t
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It can be numerically computed by the techniques just described   (Good exercise!) 
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n
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β = 5.95
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n
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0.9
β = 6.20

Fig. 3.5. Numerical data for the static quark potential computed with the Wilson
gauge action at two different couplings β. The symbols are the numerical data which
we connect to guide the eye. The dashed vertical lines are drawn at a distance that
corresponds to the Sommer parameter. The data are taken from [21, 22]

3.5.2 The Sommer parameter and the lattice spacing

We have already announced that we introduce the Sommer parameter as a way
to determine the lattice spacing a. Later in the book we discuss alternative
methods to determine a, e.g., by using the masses of hadrons. Although the
different methods provide values of a that differ slightly at a given gauge
coupling, in the continuum limit the final physical results should agree.

The Sommer parameter r0 is a certain distance related to the shape of
the static potential. Its physical value is r0 ! 0.5 fm. Although we discuss
the precise definition of the distance r0 only below, we have already marked
its position in the two plots of Fig. 3.5 using dashed vertical lines. Thus, the
distance between n = 0 on the horizontal axis and the dashed line corresponds
to 0.5 fm. Note that the variable n on the horizontal axis is dimensionless – it
simply is the number of lattice spacings in the spatial direction of the contour
C. Thus, what is marked by the vertical dashed lines is the Sommer scale in
lattice units, i.e., r0/a. We will discuss below how to extract the ratio r0/a
from the numerical data for aV (an).

Once the Sommer scale r0/a is computed, it is easy to determine the lattice
spacing. When inspecting the two plots in Fig. 3.5, we find that the number
of lattice points between the origin (n = 0) and the vertical dashed line at
r0/a is different for the two values of β. In the left-hand side plot of Fig. 3.5,
corresponding to β = 5.95, we find about n = 4.9 lattice points to the left of
the dashed line. In the plot for β = 6.20 we find approximately n = 7.4 lattice
points left of the vertical line. Since in both cases the distance between n = 0
and the vertical line corresponds to 0.5 fm, we find for the lattice spacing a:

It displays the expected « Cornell » form 

3.4 The static quark potential 59

familiar from electrodynamics. Thus, we find that the static QCD potential
can be parameterized by

V (r) = A +
B

r
+ σ r . (3.62)

Since the force between the quarks is the derivative of V (r), the constant A
is only an irrelevant normalization of the energy. The second term in (3.62) is
the Coulomb part of the potential with strength B. Finally, the third contri-
bution is a linearly rising term and the real constant σ is the so-called string
tension. From QCD phenomenology one expects a value of σ ≈ 900 MeV/fm.
After providing the evidence for the individual terms in (3.62), we discuss the
physical implications of the static QCD potential.

3.4.1 Strong coupling expansion of the Wilson loop

In order to demonstrate the presence of the linearly rising term in (3.62),
we calculate the vacuum expectation value of the Wilson loop in the limit of
strong coupling, i.e., large g (small β). More explicitly we compute

〈WC〉 =
1
Z

∫
D[U ] exp

(
−β

3

∑

P

Re tr[1− UP ]

)
tr

[
∏

l∈C
Ul

]
. (3.63)

For this calculation we use a simplified notation: The sum runs over all pla-
quettes P , where each plaquette is counted with only one of the two possible
orientations. The product over l runs over all link variables contained in the
contour C defining the Wilson loop. This expression can be rewritten as

〈WC〉 =
1
Z ′

∫
D[U ] exp

(
β

3

∑

P

Re tr[UP ]

)
tr

[
∏

l∈C
Ul

]

=
1
Z ′

∫
D[U ] exp

(
β

6

∑

P

(
tr[UP ] + tr[U†

P ]
))

tr

[
∏

l∈C
Ul

]
. (3.64)

In the first step we separate the constant factor exp(−β/3
∑

P Re tr[1]) from
the Boltzmann factor exp(−S). Exactly the same constant factor appears in
the partition function Z and we cancel the two factors in the numerator and
the denominator. The partition function without this factor is denoted by Z ′.
In the second step we use

Re tr[UP ] =
1
2

(
tr[UP ] + tr[U†

P ]
)

. (3.65)

We stress that, according to (2.48), hermitian conjugation of the plaquette
variable UP is equivalent to inverting the orientation of the plaquette. Thus
in the second line of (3.64) we explicitly display both orientations of the
plaquette variables UP , which leads to an extra factor 1/2.

The string is « broken » in more elaborate 
(unquenched) simulations 



Polyakov loops 

It is a temporal Wilson line over all the lattice t-extend with periodic boundary conditions (so a loop!) 

is an euclidean correlator and can be evaluated by the general expression

< 0 | O1(t)O2(0) | 0 >=
∑

k

< 0 | O1 | k >< k | O2 | 0 > e−(Ek−E0)t

< 0 | W (!x, !y, n4) | 0 >=
∑

k

∑

ij

< 0 | Sij(!x, !y, n4) | k >< k | S†
ji(!x, !y, 0) | 0 > e−(Ek−E0)t t = n4a

(E1 − E0) ≡ Vqq̄(r) r = a | !x − !y |

13.2 Potential qq̄ with Polyakov loops

Lattice with peridic boundary conditions on time

P (!x) = Tr {U4(!x, 0)U4(!x, 1)U4(!x, 2) . . . U4(!x, T − 1)} U4(!x, 0) = U4(!x, T )
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Used to obtain the       potential independently, since 
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5 Computing observables
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(x) = iū(x)�5d(x)

C
P

(t) =
X

~x

Tr
n

[�5S
d

(x, 0)] [�5Su

(x, 0)]†
o

< 0 | O1(t)O2(0) | 0 >=
X

n

< 0 | O1 | n >< n | O2 | 0 > e�Ent ⇠ e�E0t
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(x) = iū(x)�5d(x)

C
P

(t) =
X

~x

Tr
n

[�5S
d

(x, 0)] [�5Su

(x, 0)]†
o

< 0 | O1(t)O2(0) | 0 >=
X

n

< 0 | O1 | n >< n | O2 | 0 > e�Ent ⇠ e�E0t

5.2 Meson mass

Signal to noise ⇠ e�(MN�3 2M⇡)t

�N = C�5

5.3 Gluonic matter

5.4 qq̄ potential

< 0 | W (~x, ~y, n4) | 0 >=
X

k

X

ij

< 0 | S
ij

(~x, ~y, n4) | k >< k | S†
ji

(~x, ~y, 0) | 0 > e�(Ek�E0)n4a

(E1 � E0) ⌘ V
qq̄

(r) r = a | ~x� ~y |

< 0 | W (~x, ~y, n4) | 0 >⇠ e�V (r) n4a = e�V (r) t

< 0 | P (~x) P †(~y) | 0 > ⇠ e�V (r) aT

⌘ =< 0 | P (~x) | 0 >

Plays a role of order parameter for the deconfinement transtition at finite temperature

9

The single loop is also used as order parameter in the deconfinement transition of gluonic matter at finite T 

Abandon the « temportal gauge » ! 

All these things are easy-to-compute (even from scratch) and very rich !   



LQCD : Fermionic Action 

Free fermion action  

« Naive » discretization 

Local term is gauge invariant but non local ones not !   

Gauge invariance is restored buy inserting « link operators » in forward and backward derivatives 

One obtains this way a « naive » , gauge invariant, fermionic action action 

Discretizing derivative  

Leads to the discret action 

4 Femions naifs

4.1 Action

Elle s’obtient a partir de la forme non symétrique euclidienne de la densité

L = Ψ̄(x)[∂µγµ + m]Ψ(x)

et d’une discretization symetrique de la derivée

2a∂µΨ(x) = Ψx+µ − Ψx−µ

Ceci donne (Creutz pag. 22)

SF =
a3

2

∑

x

Ψ̄x

∑

µ

γµ [Ψx+µ̂ − Ψx−µ̂] + Ma4
∑

x

Ψ̄xΨx

En ”isolant la contribution du site x”

SF =
∑

x

Ψ̄x

{

a3

2

∑

µ

γµ [Ψx+µ̂ − Ψx−µ̂] + ma4Ψx

}

On peut écrire l’action naive sous forme canonique

SF =
∑

x,y

Ψ̄x Dxy Ψy Dxy = Ma4 δx,y +
a3

2

∑

µ

γµ(δx+µ̂,y − δx−µ̂,y) (33)

avec champs dimensionés et un opérateur de Dirac de dimension a3

On peut faire un rescaling des champs

Ψ′ =
√

Ma4 Ψ =
√

Ma a3/2Ψ

et écrire

SF =
∑

x,y

Ψ̄′
x D′

xy Ψ′
y D′

xy = δx,y +
1

2Ma

∑

µ

γµ(δx+µ̂,y − δx−µ̂,y) (34)

avec un opérateur de Dirac sans dimensions D′ qui s’écrit comme une perturbation de l’identité

• Gupta, Les Houches pag 32 donne la meme expression (33) au facteur a4 près

• Rothe, pag. 44, en utilisant les variables sans dimension (??), donne

SF =
∑

x,y

¯̂Ψx D̂xy Ψ̂y D̂xy = M̂ δx,y +
1

2

∑

µ

γµ(δx+µ̂,y − δx−µ̂,y) (35)

• Autres derivations

– APETutorial

SF =
1

2
a4
∑

x

Ψ̄(x)(γµ∆µ + m)Ψ(x) + h.c. (36)

ou

∆µΨ(x) =
Ψ(x + aµ̂) − Ψ(x)

a

2SF = a4
∑

x

Ψ̄(x)γµ∆µΨ(x) + ma4
∑

x

Ψ̄(x)Ψ(x) + h.c.

= a3
∑

x

Ψ̄(x)γµ[Ψ(x + aµ̂) − Ψ(x)] + ma4
∑

x

Ψ̄(x)Ψ(x) + h.c.

=

27

Metropolis algortim:

1. For any link variable U
µ

(x) propose random change according to some ”democratc” criterion

U
µ

(x)! U 0
µ

(x)

2. Compute the resulting modification in the total action

�S = S
g

(U 0)� S
g

(U)

3. Generate a random number r 2 [0, 1]. If r  e��S accept the change, otherwise keep U
µ

(x)

4. Go to 1 untill all links are examined

At the end we obtain a new configuration
U

n

! U
n+1

Starting with a more or less arbitrary choice U0 (e.g U = 1 !) ,
one generate this way a Markov chain reaching a statistical equilibrium.

U0, U1, . . . , Ui

, U
i+1, . . .

This seminal method is however not very e�cient, specially for gauge theories.
More e�cient algorithms exists: Heat bath, overrelaxation, Hybrid Monte Carlo (HMC),...

2.2 Fermionic action

The free fermionic actions reads
L

D

=  ̄(�
µ

@
µ

+ m) (x) (6)

discrerising fields
2a @

µ

 (x) =  (x + µ)� (x� µ)

S
F

=
a3

2
X

x

 ̄
x

X

µ

�
µ

[ 
x+µ̂

� 
x�µ̂

] + Ma4
X

x

 ̄
x

 
x

For instance

 ̄
x
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!  ̄0
x

 0
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=  ̄
x

G†(x)G(x) 
x+µ̂

The gauge invariance is restaured by inserting the link operator in front of forward and backward derivatives

 ̄
x

 
x+µ̂

!  ̄
x

U
µ

(x)  
x+µ̂

 ̄
x

 
x�µ̂

!  ̄
x

U�µ

(x)  
x�µ̂

with
U�µ

(x) = U †
µ

(x� µ)

One obtain this way a discretized fermionic action

S
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X

x
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X

µ

�
µ

h

U
µ

(x) 
x+µ̂

� U †
µ

(x� µ) 
x�µ̂

i

+ Ma4
X

x

 ̄
x

 
x
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(U 0)� S
g

(U)

3. Generate a random number r 2 [0, 1]. If r  e��S accept the change, otherwise keep U
µ

(x)

4. Go to 1 untill all links are examined

At the end we obtain a new configuration
U

n

! U
n+1

Starting with a more or less arbitrary choice U0 (e.g U = 1 !) ,
one generate this way a Markov chain reaching a statistical equilibrium.

U0, U1, . . . , Ui

, U
i+1, . . .

This seminal method is however not very e�cient, specially for gauge theories.
More e�cient algorithms exists: Heat bath, overrelaxation, Hybrid Monte Carlo (HMC),...
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But we are not done yet …. 
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4. Go to 1 untill all links are examined

At the end we obtain a new configuration
U
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Starting with a more or less arbitrary choice U0 (e.g U = 1 !) ,
one generate this way a Markov chain reaching a statistical equilibrium.

U0, U1, . . . , Ui

, U
i+1, . . .

This seminal method is however not very e�cient, specially for gauge theories.
More e�cient algorithms exists: Heat bath, overrelaxation, Hybrid Monte Carlo (HMC),...
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one generate this way a Markov chain reaching a statistical equilibrium.

U0, U1, . . . , Ui
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i+1, . . .

This seminal method is however not very e�cient, specially for gauge theories.
More e�cient algorithms exists: Heat bath, overrelaxation, Hybrid Monte Carlo (HMC),...
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 ̄
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It can be writen as a bilinear product of fields

S
F

= a4
X

x,y

 ̄
x

D
xy

 
y

with the Dirac operator, which is a matrix in the color (U) and spinors (�) indexs:

D
xy

= M�
xy

+
1
2a

X

µ

�
µ

h

U
µ

(x)�
x+µ,y

� U †
µ

(x� µ)�
x�µ,y

i
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It use to be writen as a bilinear form in terms of the Dirac operator D, a key ingredienty in LQCD 

Metropolis algortim:

1. For any link variable U
µ

(x) propose random change according to some ”democratc” criterion

U
µ

(x)! U 0
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(x)

2. Compute the resulting modification in the total action

�S = S
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(U 0)� S
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(U)

3. Generate a random number r 2 [0, 1]. If r  e��S accept the change, otherwise keep U
µ

(x)

4. Go to 1 untill all links are examined

At the end we obtain a new configuration
U

n

! U
n+1

Starting with a more or less arbitrary choice U0 (e.g U = 1 !) ,
one generate this way a Markov chain reaching a statistical equilibrium.

U0, U1, . . . , Ui

, U
i+1, . . .

This seminal method is however not very e�cient, specially for gauge theories.
More e�cient algorithms exists: Heat bath, overrelaxation, Hybrid Monte Carlo (HMC),...
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Metropolis algortim:

1. For any link variable Uµ(x) propose random change according to some ”democratc” criterion

Uµ(x) → U ′
µ(x)

2. Compute the resulting modification in the total action

∆S = Sg(U
′) − Sg(U)

3. Generate a random number r ∈ [0, 1]. If r ≤ e−∆S accept the change, otherwise keep Uµ(x)

4. Go to 1 untill all links are examined

At the end we obtain a new configuration
Un → Un+1

Starting with a more or less arbitrary choice U0 (e.g. U = 1 or U = ran),
one generates this way a Markov chain reaching a statistical equilibrium.

U0, U1, . . . , Ui, Ui+1, . . .

Once this is achieved, a series of uncirrelated N measurement can be done.

This seminal method is however not very efficient, specially for gauge theories.
More efficient algorithms exists: Heat bath, overrelaxation, Hybrid Monte Carlo (HMC), . . .

3.2 Fermionic action

The free fermionic actions reads
LD = Ψ̄(x)(γµ∂µ + m)Ψ(x) (11)

discrerising fields
2a ∂µΨ(x) = Ψ(x + µ) − Ψ(x − µ)

SF =
a3

2

∑

x

Ψ̄x

∑

µ

γµ [Ψx+µ̂ − Ψx−µ̂] + Ma4
∑

x

Ψ̄xΨx

For instance

Ψ̄xΨx+µ̂ → Ψ̄′
xΨ

′
x+µ̂ = Ψ̄xG

†(x)G(x + µ)Ψx+µ

The gauge invariance is restaured by inserting the link operator in front of forward and backward derivatives

Ψ̄xΨx+µ̂ → Ψ̄x Uµ(x) Ψx+µ̂

Ψ̄xΨx−µ̂ → Ψ̄x U−µ(x) Ψx−µ̂

with
U−µ(x) = U †

µ(x − µ)

One obtain this way a discretized fermionic action

SF =
a3

2

∑

x

Ψ̄x

∑

µ

γµ

[

Uµ(x)Ψx+µ̂ − U †
µ(x − µ)Ψx−µ̂

]

+ Ma4
∑

x

Ψ̄xΨx
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Metropolis algortim:

1. For any link variable Uµ(x) propose random change according to some ”democratc” criterion

Uµ(x) → U ′
µ(x)

2. Compute the resulting modification in the total action

∆S = Sg(U
′) − Sg(U)

3. Generate a random number r ∈ [0, 1]. If r ≤ e−∆S accept the change, otherwise keep Uµ(x)

4. Go to 1 untill all links are examined

At the end we obtain a new configuration
Un → Un+1

Starting with a more or less arbitrary choice U0 (e.g. U = 1 or U = ran),
one generates this way a Markov chain reaching a statistical equilibrium.

U0, U1, . . . , Ui, Ui+1, . . .

Once this is achieved, a series of uncirrelated N measurement can be done.

This seminal method is however not very efficient, specially for gauge theories.
More efficient algorithms exists: Heat bath, overrelaxation, Hybrid Monte Carlo (HMC), . . .

3.2 Fermionic action

The free fermionic actions reads
LD = Ψ̄(x)(γµ∂µ + m)Ψ(x) (11)
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(color and spinor indexs are implicit) 



The « doubling » problem and the « Wilson action » 

When inspecting SF, one can see* that it actually represents 16 fermion propagating on the lattice! 
 
Wilson proposed a way to remove 15 unwanted poles. 
Technically this is done by adding an additional Laplacian term to D  

(*)The fermion propagator is given by the invers of D. 

with the Dirac operator, which is a matrix in the color (U) and spinors (�) indexs:
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Wilson add a Laplacian term
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Putting all together 
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This is the first (and simplest) example of a long series of discretized « fermionic actions » 

Wilson - « Clover »  (Sheikholeslami-Whoelert 1985) 
 
Add a term to the Wilson action 

Staggered fermions (Kogut Suskind) 

Twisted-mass fermions (Frezzoti, Rossi, Sint, Papinutto,..) 

Ginsparg-Wilson Overlap: Neuberger  
As a solution to Ginzparg-Wilson equation                                     to get good chiral properties 

6.4 Terme de Clover

De Grand 108

Adding a term to the Wilson action.
It is called the Sheikholeslami-Wohlert (1985)

LC(x) = σµνCµν(x) SC =
∑

x

q̄(x)LC(x)δx,yq(y)

Where

σµν = −
i

2
[γµ, γν ]

and Cµν is a sum of four Wilson loops which looks like a ”clover” (trefle)

8iCµν(x) = fµν(x) − f †
µν(x)

where

fµν(x) = Uµ(x)Uν(x + µ)U †
µ(x + ν)U †

ν(x)

+ U †
µ(x)

44
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7 Autres discretisations fermioniques

7.1 Stagered Fermions (Kogut-Susskind)

Stager=chancelar, titubear, echeloner, alterner

Diagonalize Dirac operator

S =
∑

x

Ψ[D + m]Ψ =
∑

x

4
∑

i=1

χi[f(x)D + m]χi

with χ one-componet field but you have 4 (called tastes) !
They are redistributed in different sites

1. ”good”’ chiral properties

2. This fasten the simulation !

3. Mass renormalisation
m0 → m = Z mo

while for Wlson fermions
m0 → m = Zmo + M1

This protect small eignevalues

To revcover a theory with ONE SINGLE FLAVOUR one take the fourth root of the fermionic determinant
This indrodiuces a non locality and it is not clear what happens in the continuum limit

7.2 Domain wall fermions (Kaplan)

5 dimensions

7.3 Ginsparg-Wilson (Overlap) Fermions

D =
1

Ra
[1 + γ5 sign{DW (−m0)}]

sign(A) =
A

A†A

Remplace
[D, γ5]+ = 0

par
[D, γ5]+ = aDγ5d

Solution de Neuberger

D =
1

a

(

1 − γ5
A√
A2

)

A = γ5DW

avec DW l’opérateur de Wilson

• Rayon d’interaction infini

• Racine carre chiante (developpement de Cheby)

7.4 Autres

SF =
1

2

∑

n

∑

µ

∑

f=1,2

χ̄f (n)(−)ηµ(n) [χf (n + µ)]
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Domain-Wall (Kaplan 1992): Introducing a 5th dimension 

Split 1 component in 4 « tastes » distributed in the lattice. 
To recover the initial fields one use the « det1/4 trick ». 
Unclear but very fast simulations 
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The very best… but numerically very expensive ! 

Introduce an imaginary mass in a isospin doublet 
In the « γ5 direction » 

1.1.2 Action twisted mass

Dtw = DW + iµγ5τ3

ou DW = D0 + m0 est l’operateur de Dirac-Wilson

Dtw = Dw

(

1 0
0 1

)

+ iγ5µ
(

+1 0
0 −1

)

=
(

Dw + iγ5µ 0
0 Dw − iγ5µ

)

C’est un opérateur defini positif, sans modes zero (vp nuls)

Dtw

(

u
d

)

=
(

Dw + iγ5µ 0
0 Dw − iγ5µ

)(

u
d

)

Dtw = DW + iµγ5τ3

ou DW = D0 + m0 est l’operateur de Dirac-Wilson

Dtwm = Dw

(

1 0
0 1

)

+ iµγ5

(

+1 0
0 −1

)

=
(

Dw + iµγ5 0
0 Dw − iµγ5

)

C’est un operateur defini positif, sans modes zero (vp nuls)

det(Dtwm) = det(Dw + iγ5µ) det(Dw − iγ5µ)

= det[γ5γ5(Dw + iγ5µ)] det(Dw − iγ5µ)

= det[γ5(Dw + iγ5µ)γ5] det(Dw − iγ5µ)

= det(D†
w + iγ5µ) det(Dw − iγ5µ)

= det[(D†
w + iγ5µ)(Dw − iγ5µ)]

= det[D†
wDw + iµ(γ5Dw − D†

wγ5) + µ2]

= det[D†
wDw + iµ(γ5Dw − γ5Dwγ2

5) + µ2]

= det[D†
wDw + µ2] > 0

ou nous avons utilise
γ2
5 = 1

γ5Dwγ5 = D†
w

det(AB) = det(BA)

5



Whatever the particular choice of discretization one has 

Numerical simulation with Full LQCD 

with 

with the Dirac operator, which is a matrix in the color (U) and spinors (�) indexs:
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4 Full QCD simulations
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....

S
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The path integral tell us that

<| Ô(q, q̄, U) |>=
1
Z

Z

[dU ][dq̄](dq] O(q, q̄, U) e�Sq�Sg

with
Z =

Z

[dU ][dq̄](dq] e�Sq�Sg

The fermionic integral is done analytically
Z

[dq̄](dq]e�Sq = det [D(U)]

Z

[dq̄](dq]O(q, q̄, U)e�Sq = O(q, q̄, U) det [D(U)]

It remains to perform

<| Ô(q, q̄, U) |>=
1
Z

Z

[dU ]O(q, q̄, U) det [D(U)] e�Sg
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Integrals over fermionic fields (Grassmann variables) are performed analytically: THE LQCD MIRACLE ! 
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The fermion propagator is the keystone in all the simulations. In this case
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In the general case, involving several fields at diferents point, one is left to
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- for fermion propagator 
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⇢
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4 Full QCD simulations
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In the discretized version 

In the general case, involving several fields at diferents point, one is left to
Z

[dq̄][dq] O(q1, q̄1, q2, q̄2, . . . , U) e�Sq = O(D�1
1 , D�1

2 , . . . , U) det [D(U)]

In its discretized verrsion

S
↵�

(x, y) =<| q
↵

(x)q̄
�

(y) |>=
1
N

N

X

i=1

h

D�1[U
i

]
i

↵x,�y

with gauge configurations according to

⇢(U) =
1
Z

det [D(U)] eSg [U ]

8

with Ui distributed according to a probability law 

In the general case, involving several fields at diferents point, one is left to
Z

[dq̄][dq] O(q1, q̄1, q2, q̄2, . . . , U) e�Sq = O(D�1
1 , D�1

2 , . . . , U) det [D(U)]

In its discretized verrsion

S
↵�

(x, y) =<| q
↵

(x)q̄
�

(y) |>=
1
N

N

X

i=1

h

D�1[U
i

]
i

↵x,�y

with gauge configurations according to

⇢(U) =
1
Z

det [D(U)] eSg [U ]

8

Contrary to scalar and glue case, calculations require: 
-  Invert huge matrices !  (Iterative processes D*X) 
-  Compute determinant in generating gauge configurations  (HMC) 
      Never « brut force » but introducing additional fields and using  

« Quenched » and « uquenched » (dynamical) simulations 

Det(D) accounts for the       loops from gluons propagators (not trivial!) 

If q1 and q2  det(D)=det(D1) x Det(D2) 
 
One talks about dynamical calculations with nf=0, 2(u,d), 2+1(u,d,s), 2+1+1(u,d,c,s) 
 
The case nf=0 corresponds to det(D)=1 is called « quenched » 
… and things are much easier !!! 
 

1 Champss

q̄q

qc
α(x) =





qb
α(x)

qr
α((x)

qv
α((x)
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det[Mxy] e−S[Uµ]

det[D(U)] e−Sg[U ]

p(U) = det[D(U)] e−Sg[U ]

U = {Uµ(x), x ∈ V }

Uµ(x) =
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 ∈ SU(3)
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13 Numerical simulations

Pseudofermion fields

det(A) =
1

Z

∫

dφ e−φ†(AA†)−1/2φ Z =
∫

dφ e−φ†φ

| det(A) |2=
1

Z

∫

dφ e−φ†(AA†)−1φ Z =
∫

dφ e−φ†φ

40



Dirac matrice in practice 
 
All numerics in “Lattice” consists essentially in solving linear systems   D*x=b    
with D=Dirac operator, 
That is, with an almost empty matrix… but very large 

1 on diagonal 

8 Dirac matrices x U outside  

This explain the almost perfect scalability in parallel supercomputers (BGQ 400 000 CPU ) 



L         T                   V 
24    48         660 000 
32    64          2 100 000 
48    96    10 600 000 
64  128    32 200 000 
96  192      169 600 000  
 

LQCD: Many discretized QCD action  
 
 

         On each « link »                      On each  site 
        4 SU(3) matrices                               3 x 4 x Nf complex « fields »  
  
               (gluons)         (quarks) 

SUMMARY  

Parameters:  
- “bare”  quark masses ml =mu=md  , ms , ...... 
   To control the “physical value” of ml , one computes mπ  (mπ

2=B mq) 
   If mπ=140 MeV… ml is the right one !  But it is almost never he case !!!    
- one parameter β that controls the “lattice spacing” 
  one goes down to  a=0.05 fm   (Errors due to discretisation: o(a), o(a2),…) 
- Lattice L      (Errors due to “finite volume” L x a fm) 
- nf = number of quarks in the loops in unquenched calculations  (nf=0,2,2+1,2+1+1,…) 

Discrétization

4D lattice

a

�x

Uµ(y) ⇤ SU(3)

Uµ(x) = eigaAµ(x)

Volume : (243 � 48) up to (483 � 96)

Lattice spacing : a ⇥ 0.05÷ 0.1 fm

If SQCD is discretization of the QCD action

⌅O[U,�, �̄]⇧ =
1

Z

⇥ �

sommets

[d�̄][d�]
�

liens

[dU ]O[U,�, �̄]e�SQCD[U,�,�̄]





Ψ′
r

Ψ′
b

Ψ′
g



 = U(x)





Ψr

Ψb

Ψg



 U(x) ∈ SU(3)





Ψ′
r

Ψ′
b

Ψ′
g



 = U(θ1(x), θ2(x), ..., θ8(x))





Ψr

Ψb

Ψg



 = exp
{

−i"λ · "θ(x)
}





Ψr

Ψb

Ψg





Dxy = δxy − κ

4
∑

µ=1

(1 − γµ) Uµ(x) δx+µ̂,y + (1 + γµ) U †
µ(x − µ) δx−µ̂,y Uµ(x) ∈ SU(3)

Dxy = δxy − κ

4
∑

µ=1

(1 − γµ) Uµ(x) δx+µ̂,y + (1 + γµ) U †
µ(x − µ) δx−µ̂,y

Uµ(x) = exp

{

iag

2

8
∑

c=1

∫ 1

0

dτAc
µ(x + aτµ)λc

}

∈ SU(3)

Uµ(x) = exp

{

iag

2

8
∑

c=1

∫ 1

0

dτAc
µ(x + aτµ)λc

}

∈ SU(3)

xµ = nµa

Ψn = Ψ(x)

2a∂µΨ(x) = Ψn+µ − Ψn−µ

J(x) = Ψ̄(x)Ψ(x)

Sαβ(x, y) =< 0|Ψα(x)Ψ̄β(y)|0 >

3

1 VNN

ΦBS(x − y) = 〈0 | N(x)N(y) | NN〉

(−∆ + V )Ψ = EΨ =⇒ V =
(E + ∆)Ψ

Ψ

2 Champss
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COMPUTING OBSERVABLES 

Each observable requires an specific approach. 
My aim in what follows is to illustrate with some detail two particular cases: 



Meson masses 

14 Meson Correlators

!

"

!x
(sink)

! 0
(source)

Correlateur6 with source at 0 = (0, 0), sink at x = (t, !x)

C(t) =
∑

!x

< 0|J(x) J(0)|0 >

avec J(x) un courant qui depend du type de systeme

14.1 Systeme qq̄

J(x) = Ψ̄(x)ΓΨ(x) =
∑

c

∑

ss′
Ψ̄c

s(x)Γss′Ψ
c
s′(x) (55)

C(t) =
∑

!x

∑

cc′

∑

iji′j′
< 0|Ψ̄c

i (x)ΓijΨ
c
j(x) Ψ̄c′

i′ (0)Γi′j′Ψ
c′
j′(0)|0 >

=
∑

cc′

∑

iji′j′
ΓijΓi′j′ < 0|Ψ̄c

i (x)Ψc
j(x) Ψ̄c′

i′ (0)Ψ
c′
j′(0)|0 >

=
∑

cc′

∑

iji′j′
ΓijΓi′j′ < |Ψc

j(x)Ψ̄c
i (x)| >< |Ψc′

j′(0)Ψ̄
c′
i′ (0)| >

−
∑

cc′

∑

iji′j′
ΓijΓi′j′ < |Ψc

j(x)Ψ̄c′
i′ (0)| >< |Ψc′

j′(0)Ψ̄
c
i (x)| >

=
∑

cc′

∑

iji′j′
Γij Γi′j′

{

Scc
ji (x, x) Sc′c′

j′i′ (0, 0) − Scc′
ji′ (x, 0) Sc′c

j′i (0, x)
}

∑

cc′

∑

iji′j′
ΓijΓi′j′S

cc
ji (x, x)Sc′c′

j′i′ (0, 0) =
∑

c

∑

ij

ΓijS
cc
ji (x, x)

∑

c′

∑

i′j′
Γi′j′S

c′c′
j′i′ (0, 0)

=
∑

c

∑

i

[ΓS(x, x)]ccii ×
∑

c′

∑

i′
[ΓS(0, 0)]c

′c′

i′i′

= Trcs [ΓS(x, x)] × Trcs [ΓS(0, 0)]
∑

cc′

∑

iji′j′
ΓijΓi′j′S

cc′
ji′ (x, 0) Sc′c

j′i (0, x) =
∑

cj

∑

c′i′j′i

Scc′
ji′ (x, 0)Γi′j′ Sc′c

j′i (0, x)Γij

=
∑

cj

[S(x, 0) Γ S(0, x) Γ]ccjj

= Trcs [S(x, 0) Γ S(0, x) Γ]

On a donc

C(t) =
∑

!x

Trcs [ΓS(x, x)] × Trcs [ΓS(0, 0)] − Trcs [S(x, 0) Γ S(0, x) Γ]

14.2 Systeme qq̄′

Pour les mesons qui ne sont pas de singlets de saveur (ūu,d̄d,...) les diagrames disconexes sont nuls. Ils ne le
sont pas pour le π0 e.g.

14.3 Correrlateurs non diagonnaux

6Notations de [4]
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Consider space-time propagation of     

Compute correlator between currents J 

Simplest case  

5 Computing observables

C(t) =
∑

!x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

5.1 Gluonic matter

5.2 Meson mass

9
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5 Computing observables

C(t) =
∑

!x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
∑

!x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= −
∑

!x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= −
∑

!x

Tr [Sd(x, 0)Su(0, x)]

= −
∑

!x

Tr
[

Sd(x, 0)γ5S
†
u(x, 0)γ5

]

We use
S(x, 0) = γ5S

†(0, x)γ5

5.1 Gluonic matter

5.2 Meson mass

9

Exo:   

5 Computing observables

5.1 Meson mass

C(t) =
∑

!x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
∑

!x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= −
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!x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= −
∑

!x

Tr [Sd(x, 0)Su(0, x)]

= −
∑

!x

Tr
[

Sd(x, 0)γ5S
†
u(x, 0)γ5

]

We use
S(x, 0) = γ5S

†(0, x)γ5

JP (x) = iū(x)γ5d(x)

CP (t) =
∑

!x

Tr
{

[γ5Sd(x, 0)] [γ5Su(x, 0)]†
}

5.2 Gluonic matter
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∑
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∑
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∑
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= −
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Tr
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†
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We use
S(x, 0) = γ5S

†(0, x)γ5
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{

[γ5Sd(x, 0)] [γ5Su(x, 0)]†
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5.2 Gluonic matter
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On another hand 

5 Computing observables

5.1 Meson mass

C(t) =
∑

!x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
∑

!x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= −
∑

!x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= −
∑

!x

Tr [Sd(x, 0)Su(0, x)]

= −
∑

!x

Tr
[

Sd(x, 0)γ5S
†
u(x, 0)γ5

]

We use
S(x, 0) = γ5S

†(0, x)γ5

JP (x) = iū(x)γ5d(x)

CP (t) =
∑

!x

Tr
{

[γ5Sd(x, 0)] [γ5Su(x, 0)]†
}

< 0 | O1(t)O2(0) | 0 >=
∑

n

< 0 | O1 | n >< n | O2 | 0 > e−Ent ∼ e−E0t

5.2 Gluonic matter
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This provides an effcient way to compute meson masses 

6 Observables

6.1 Masses

Cab(x) =< 0|Na(x)N̄b(0)|0 >

C
(3)
ab (x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Cµ
ab(x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Tr [Cαβ(t)] = Tr

[

∑

#x

Sαβ("x, t)

]

∼ e−aMNt

aMeff (t) = log
C(t)

C(t + 1)

6.2 Leptonic Decay constants

Γexp(D → lν) = Kine |Vcu|
2f 2

D

fD =
< D|A0|0 >

MD

Γexp(Ds → lν) = Kine |Vcs|
2f 2

Ds

fDs =
< Ds|A0|0 >

MDs

6.3 Semi-Leptonic Decay constants and FF

Γ(D → πlν) ∼ |Vcs|
2f 2

D

dΓ

dq2
(D → πlν) ∼ |Vcs|

2F+(q2)
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5 Computing observables

5.1 Meson mass

C(t) =
X

~x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
X

~x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= �
X

~x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= �
X

~x

Tr [S
d

(x, 0)S
u

(0, x)]

= �
X

~x

Tr
h

S
d

(x, 0)�5S
†
u

(x, 0)�5

i

We use
S(x, 0) = �5S

†(0, x)�5

J
P

(x) = iū(x)�5d(x)

C
P

(t) =
X

~x

Tr
n

[�5S
d

(x, 0)] [�5Su

(x, 0)]†
o

< 0 | O1(t)O2(0) | 0 >=
X

n

< 0 | O1 | n >< n | O2 | 0 > e�Ent ⇠ e�E0t

5.2 Meson mass

Signal to noise ⇠ e�(MN�3 2M⇡)t

�N = C�5

5.3 Gluonic matter

5.4 qq̄ potential

< 0 | W (~x, ~y, n4) | 0 >=
X

k

X

ij

< 0 | S
ij

(~x, ~y, n4) | k >< k | S†
ji

(~x, ~y, 0) | 0 > e�(Ek�E0)n4a

(E1 � E0) ⌘ V
qq̄

(r) r = a | ~x� ~y |

< 0 | W (~x, ~y, n4) | 0 >⇠ e�V (r) n4a = e�V (r) t

It can be obtaned by means of Polyakov loop”, tha is

< 0 | P (~x) P †(~y) | 0 > ⇠ e�V (r) aT

⌘ =< 0 | P (~x) | 0 >

Plays a role of order parameter for the deconfinement transtition at finite temperature

9
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FIG. 17: The pion EMP’s determined on the four lattice ensembles used in this work. Note that
the y-axis scale is the same in all four panels.

A. The Pion Mass

The finite-volume contribution to the mass of the pion in SU(2)L ⇤ SU(2)R ⇥PT is given
by [11]

m�(L)�m�(⇧) =
3m3

�

4�2f 2
�

1

m�L

�
K1(m�L) +

⌃
2K1(

⌃
2m�L) +

4

3
⌃
3
K1(

⌃
3m�L) + . . .

⇥
(28)

whereK1(x) is the modified Bessel function. The meson masses have di�erent overall volume
scaling to the baryons, due to the absence of a three-meson vertex. As K1(z) ⌅ e�z/

⌃
z, the

results of the Lattice QCD calculations are shown in fig. 19 as a function of e�m�L/(m�L)3/2

rather than e�m�L/(m�L) as was used for the baryons. Consequently, the naive fit that we
perform to the meson masses is of the form

m(V )
M (m�L) = m(⇥)

M + c(V )
M

e�m� L

(m�L)3/2
. (29)

With the current precision of the Lattice QCD calculation, we cannot distinguish be-
tween the fit forms of e�m�L/(m�L) and e�m�L/(m�L)3/2 with statistical significance.

The fit parameters are m(⇥)
� = 0.069073(63)(62) t.l.u. = 387.8(0.4)(0.4)(2.5) MeV and

c(V )
� = 0.23(12)(07) t.l.u. = (1.30(65)(39)(01))⇥ 103 MeV.

28



Baryon masses (N) 

First step: "built " a N (in fact a Jπ=1/2+ state) by combining 3 q fields    

It is a v.e.v. of a product of 6 quark fields q(x) 
Wick Th: sum of products of q propagators ("contractions") 
 
 
N mass is extracted from matrix elements of this correlator 4x4 (y=0)  

Create       N at y=0    
 
Propagate N from y→x 
 
Annihilate  N at x 

6 Baryon mass

Cαβ(x) =< 0|Nα(x)N̄β(0)|0 >=
∑

< 0|qα(x)N̄β(0)|0 >

Cαβ(x, y) = 〈0 | Nα(x)N̄β(y) | 0〉 =
1

Z

∫

[DUµ][Dq][Dq̄] e−S Nα(x) N̄β(y)

Cαβ(x, y) = 〈0 | Nα(x)N̄β(y) | 0〉 =
∑

Cabcd
αβ 〈0 | qα(x)qa(x)qb(x)q̄β(y)q̄c(y)q̄d(y) | 0〉

7

7 Observables

7.1 Masses

C
(3)
ab (x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Cµ
ab(x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Tr [Cαβ(t)] = Tr

[

∑

#x

Cαβ("x, t)

]

∼ e−aMN t

aMeff (t) = log
C(t)

C(t + 1)

7.2 Leptonic Decay constants

Γexp(D → lν) = Kine |Vcu|
2f 2

D

fD =
< D|A0|0 >

MD

Γexp(Ds → lν) = Kine |Vcs|
2f 2

Ds

fDs =
< Ds|A0|0 >

MDs

7.3 Semi-Leptonic Decay constants and FF

Γ(D → πlν) ∼ |Vcs|
2f 2

D

dΓ

dq2
(D → πlν) ∼ |Vcs|

2F+(q2)
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The method can be extended to (6A) q fields and access to A-baryon system      

Introduction Méthode Résultats Exemple d’ajustement des paramètres Calcul des masses Facteurs de forme et distributions de partons

Fonctions à 2 points (Nf = 2)

Champ interpolant pour le proton

J↵(x) = ✏abcua
↵(~x, t)

h
ub

(~x, t)TDC�5d
c
(~x, t)

i

Comportement à grand temps du corrélateur

C�⇢(t) =

X

~x

⌦
0|J�(t, ~x)

¯J⇢(0)|0↵ /
t!1

e�mN t

J

x 0
J̄

meff (t) = � log

C(t)

C(t� 1)

tends vers une constante : le

plateau



Things becomes quickly complicated  

15.6.1 N

λ Λν Γµ ΨA ΨB ΨC

p 1 1 Cγ5 u d u

C(x) =< χp(x)χ̄p(x) > = −εabcεa′b′c′ (P11 + R11)

P d
11 = + Sca′

u Tr(Sac′
u [ΓµSbb′

d Γ̃µ′ ]T )

Rd
11 = −Scc′

u [ΓµSbb′
d Γ̃µ′ ]T Saa′

u

Cp
ss′(x) = −εabcεa′b′c′

{

−Scc′
u [ΓNSbb′

d Γ̃N ]T Saa′

u + Sca′

u Tr(Sac′
u [ΓNSbb′

d Γ̃N ]T )
}

(83)

Cn
ss′(x) = −εabcεa′b′c′

{

−Scc′
d [ΓNSbb′

u Γ̃N ]T Saa′

d + Sca′

d Tr(Sac′
d [ΓNSbb′

u Γ̃N ]T )
}

(84)

1. Les correlateurs du N sont des matrices 4 × 4

2. On passe du p au n par l’echange u ↔ d

3. Pour le doublet d’isospin Il faut 10 propagateurs et 2 structures

p n
Scc′

u Scc′
d

Saa′

u Saa′

d

Sca′

u Sca′

d

Sac′
u Sac′

d

Sbb′
d Sbb′

u
[

ΓNSbb′
d Γ̃N

]T [

ΓNSbb′
u Γ̃N

]T
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15.5 Forme général

Il est intéressant, et même pratique, de considerer la forme générale des champs interpolants (Notes V. Drach)

Jµν(x) = εabc
∑

i

λi

[

ΨaT
Ai

(x)Γi
µΨb

Bi
(x)
]

Λi
νΨc

Ci
(x) (78)

J̄µν(x) = −εabc
∑

i

λ∗
i Ψ̄a

Ai
(x) Λ̃i

ν

[

Ψ̄b
Bi

(x) Γ̃i
µ Ψ̄cT

Ci
(x)
]

(79)

avec les définitions

Λ̃i
ν = γ0 Λi

ν
†

γ0

Γ̃i
µ = γ0 Γi

µ
†

γ0

Exemples:

χp(x) = εabc[uTa(x)C γ5d
b(x)]uc(x)

χn(x) = εabc[dTa(x)C γ5u
b(x)]dc(x)

Λ8
1(x) =

εabc

√
6

{[

2ua(x)T Cγ5d
b(x)

]

sc(x) +
[

ua(x)T Cγ5s
b(x)

]

dc(x) −
[

da(x)T Cγ5s
b(x)

]

uc(x)
}

Ξ0(x) = εabc[sTa(x)C γ5u
b(x)]sc(x)

Ξ−(x) = εabc[sTa(x)C γ5d
b(x)]sc(x)

Σ0
1(x) =

1√
2
εabc

{[

ua(x)T Cγ5 sb(x)
]

dc(x) +
[

da(x)T Cγ5 sb(x)
]

uc(x)
}

Σ+
1 (x) = εabc

[

ua(x)T Cγ5 sb(x)
]

uc(x)

Σ−
1 (x) = εabc

[

da(x)T Cγ5 sb(x)
]

dc(x)

χ∆++

µ (x) = εabc[uTa(x)C γµub(x)]uc(x)

χ∆+

µ (x) =
εabc

√
3

{

2[uTa(x)C γµdb(x)]uc(x) + uTa(x)C γµub(x)]dc(x)
}

χ∆0

µ (x) =
εabc

√
3

{

2[dTa(x)C γµub(x)]dc(x) + dTa(x)C γµdb(x)]uc(x)
}

χ∆−

µ (x) = εabc[dTa(x)C γµdb(x)]dc(x)

avec
C = γ0γ2

Dans tous les cas considérés on a:

• Pour tous
Λi

ν = Λ̃i
ν = 1

Jµ(x) = +εabc
∑

i

λi

[

ΨaT
Ai

(x)Γi
µΨb

Bi
(x)
]

Ψc
Ci

(x)

J̄µ(x) = −εabc
∑

i

λ∗
i Ψ̄a

Ai
(x)

[

Ψ̄b
Bi

(x) Γ̃i
µ Ψ̄cT

Ci
(x)
]

Donc les champs interpolants dependent au plus d’un indice de Lorentz Jµν(x) ≡ Jµ(x)
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5 Computing observables

5.1 Meson mass

C(t) =
X

~x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
X

~x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= �
X

~x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= �
X

~x

Tr [S
d

(x, 0)S
u

(0, x)]

= �
X

~x

Tr
h

S
d

(x, 0)�5S
†
u

(x, 0)�5

i

We use
S(x, 0) = �5S

†(0, x)�5

J
P

(x) = iū(x)�5d(x)

C
P

(t) =
X

~x

Tr
n

[�5S
d

(x, 0)] [�5Su

(x, 0)]†
o

< 0 | O1(t)O2(0) | 0 >=
X

n

< 0 | O1 | n >< n | O2 | 0 > e�Ent ⇠ e�E0t

5.2 Meson mass

Signal to noise ⇠ e�(MN�3 2M⇡)t

�N = C�5

5.3 Gluonic matter
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Nucleon effective masses
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• 243 ⇥ 48 lattice
• Plateau region some time slice earlier for SS correlators
• Noise growth exponentially with t/a
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6 Observables

6.1 Masses

Cab(x) =< 0|Na(x)N̄b(0)|0 >

C
(3)
ab (x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Cµ
ab(x, y) =< 0|Na(x) q(y)γµq(y) N̄b(0)|0 >

Tr [Cαβ(t)] = Tr

[

∑

#x

Sαβ("x, t)

]

∼ e−aMNt

aMeff (t) = log
C(t)

C(t + 1)

6.2 Leptonic Decay constants

Γexp(D → lν) = Kine |Vcu|
2f 2

D

fD =
< D|A0|0 >

MD

Γexp(Ds → lν) = Kine |Vcs|
2f 2

Ds

fDs =
< Ds|A0|0 >

MDs

6.3 Semi-Leptonic Decay constants and FF

Γ(D → πlν) ∼ |Vcs|
2f 2

D

dΓ

dq2
(D → πlν) ∼ |Vcs|

2F+(q2)

6

Example: N 

Same quality for other baryons (ground state !)  
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FIG. 1: The nucleon EMP’s obtained in the four lattice volumes. Note that the temporal extent
of the 323 � 256 ensemble is twice that of the other three ensembles.

TABLE I: Results from the Lattice QCD calculations in the four lattice volumes.

L3 � T 163 � 128 203 � 128 243 � 128 323 � 256

L (fm) ⇥ 2.0 ⇥2.5 ⇥3.0 ⇥3.9

m�L 3.888(20)(01) 4.8552(84)(35) 5.799(16)(04) 7.7347(74)(91)

e�m�L ⇥0.0205 ⇥0.0078 ⇥0.0030 ⇥0.00044
1

m�L
e�m�L ⇥5.3� 10�3 ⇥1.6� 10�3 ⇥5.2� 10�4 ⇥5.7� 10�5

1
(m�L)3/2

e�m�L ⇥2.7� 10�3 ⇥7.4� 10�4 ⇥2.2� 10�4 ⇥2.1� 10�5

m�T 8.89(16)(01) 8.878(54)(22) 8.836(85)(02) 17.679(59)(73)

e�m�T ⇥1.38� 10�4 ⇥1.39� 10�4 ⇥1.45� 10�4 ⇥2.10� 10�8

MN (t.l.u.) 0.21004(44)(85) 0.20682(34)(45) 0.20463(27)(36) 0.20457(25)(38)

M� (t.l.u.) 0.22446(45)(78) 0.22246(27)(38) 0.22074(20)(42) 0.22054(23)(31)

M⇤ (t.l.u.) 0.22861(38)(67) 0.22752(32)(43) 0.22791(24)(31) 0.22726(24)(43)

M⇥ (t.l.u.) 0.24192(38)(63) 0.24101(27)(38) 0.23975(20)(32) 0.23974(17)(31)

calculations given in table I. As shown previously, the volume dependence of the mass of a
given baryon can be calculated order-by-order in HB�PT. The formally-leading contribution
to the volume dependence of the mass of an octet baryon results from a one-loop diagram

8

5 Computing observables

5.1 Meson mass

C(t) =
∑

!x

< 0 | J(x)J†(0) | 0 >

J(x) = ū(x)d(x)

C(t) =
∑

!x

< 0 | ū(x)d(x)d̄(0)u(0) | 0 >

= −
∑

!x

< 0 | d(x)d̄(0) | 0 >< 0 | u(0)ū(x) | 0 >

= −
∑

!x

Tr [Sd(x, 0)Su(0, x)]

= −
∑

!x

Tr
[

Sd(x, 0)γ5S
†
u(x, 0)γ5

]

We use
S(x, 0) = γ5S

†(0, x)γ5

JP (x) = iū(x)γ5d(x)

CP (t) =
∑

!x

Tr
{

[γ5Sd(x, 0)] [γ5Su(x, 0)]†
}

< 0 | O1(t)O2(0) | 0 >=
∑

n

< 0 | O1 | n >< n | O2 | 0 > e−Ent ∼ e−E0t

5.2 Meson mass

Signal to noise ∼ e−(MN−3
2
Mπ)t

5.3 Gluonic matter

9



Finite Temperature 

There is a close formal analogy between  
 
Statistical Mechanics 

26 Temperature finie

26.1 Formal equivalence between LFT and Statistical Mechanics

Statistical Mechanics: ensemble of classical spin on a 3d lattice, driven by some hamiltonian H

Probability of a configuration [s] = {si}

p[s] =
1

Z
e−βH[s]

Average value of some quantity

< O >=
1

Z

∑

[c]

O([c])e−βH[s]

with the partition function
Z =

∑

[c]

e−βH[s]

For a Quantum Mechnaical system

Z(β) = TreβĤ

In LFT one has

< Ô >=
1

Z

∫

[dφ]O[φ]e−SE [φ]

with

Z =
∫

[dφ] e−SE [φ]

and

SE[φ] =
∫

d4x LE [φ, ∂µφ]

26.2 Introducing temperature

Temperature is introduced trought the parameter

β =
1

T

as a limit of the temporal dimension

SE(Φ) =
∫ β

0
dt
∫

R3
d3xLE(Φ, ∂µΦ)

and the partition fonction

Z(β) =
∫

d[Φ]e−SE(Φ)

For a finite lattice

β = aNT =
1

T

26.3 Case of pure gauge theory

Parameter d’ordre defini par la boucle de Polyakov

P ($n) = Tr [U4($n, 0) U4($n, 1) U4($n, 2) . . . U4($n, T − 1)] = Tr





t=NT−1
∏

t=0

U4($n, t)





The two-point correlator is related to the free energy F of a qq̄ pair, static at the corresponding spatial points

< P ($m)P ($n)† >= e−aNT Fqq(a|#m−#n|) = e−
Fqq̄(r)

T
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Lattice Field Theories  

26 Temperature finie

26.1 Formal equivalence between LFT and Statistical Mechanics

For a Classical Mechanical system: e.g. ensemble of classical spin on a 3d lattice, driven by some
hamiltonian H

Probability of a configuration [s] = {si}

p[s] =
1

Z
e−βH[s]

Average value of some quantity

< O >=
1

Z

∑

[c]

O([c])e−βH[s]

with the partition function

Z =
∑

[c]

e−βH[s]

For a Quantum Mechanical system

< Ô >=
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< Ô >=
1

Z
Tr
[
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]

In Lattice Filed Theories one has:

< Ô >=
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 Temperature is introduced by limiting the temporal extend in the action  
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The limiting case                       corresponds to T=0    
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Let us consider a Polyakov loop at some spatial point 

Polyakov loops as order parameter 

is an euclidean correlator and can be evaluated by the general expression

< 0 | O1(t)O2(0) | 0 >=
∑

k

< 0 | O1 | k >< k | O2 | 0 > e−(Ek−E0)t

< 0 | W (!x, !y, n4) | 0 >=
∑

k

∑

ij

< 0 | Sij(!x, !y, n4) | k >< k | S†
ji(!x, !y, 0) | 0 > e−(Ek−E0)t t = n4a

(E1 − E0) ≡ Vqq̄(r) r = a | !x − !y |

13.2 Potential qq̄ with Polyakov loops

Lattice with peridic boundary conditions on time

P (!x) = Tr {U4(!x, 0)U4(!x, 1)U4(!x, 2) . . . U4(!x, T − 1)} U4(!x, 0) = U4(!x, T )

41

5.5 Finite temperature

Considere a Polyakov loop at x
Average over space

P =
1
L3

X

x

P (~x)

and
< P >=< 0 | sum

x

P (~x) | 0 >

One can show that
< P >⇠ e�Fq

where F
q

is the free energy of a color static quark

• If < P >= 0 correpsondids to an infinit Free energy (confined phase)

• If

10

and average over the spatial lattice 
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One can show that its VEV 

is related to the free energy of a static color charge Fq 

5.5 Finite temperature
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x
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It is an order parameter for the confinement/deconfinement transition as a function of T 

The case <P>=0 correpsonds to an infinite value of Fq      è    Confined Phase 

The case <P>#0 correpsonds to a   finite value    of Fq      è     Deconfined Phase 



306 12 Temperature and chemical potential

0 200 400 600 800

T[MeV]

0

0.2

0.4

0.6

0.8

<|
P|

>

–0.5 0 0.5

–0.5

0

0.5

Fig. 12.1. L.h.s.: The expectation value 〈|P |〉 as function of the temperature T . In
computing T = 1/(NT a) = 1/(4a) the lattice spacing has been determined using the
static potential as discussed in Sect. 3.5, cf. (3.83) (for r0 = 0.5 fm). The results are
from a simulation on lattice size 163 ×4 averaging over 100 measured configurations
for each value of the gauge coupling (i.e., the temperature); for a realistic determi-
nation better statistics and an extrapolation to infinite volume should be performed.
R.h.s.: Scatter plot of Polyakov loop results in the complex plane for 1500 individual
gauge configurations. In the broken phase the values of P concentrate around the
three center phases. The data are from a run with 〈|P |〉 = 0.53

concentrate in the directions of the center elements. The results in general will
be affected by the finiteness of the spatial volume and by scaling corrections.
Comparing different parameter settings allows one to study both.

Monte Carlo calculations for the quenched theory have been performed al-
ready very early [16–18] and improved considerably since then [19, 20]. Care-
ful studies revealed that the phase transition is weakly first order. This is in
agreement with the analogy to the Z3-spin model [14].

In the determination of the transition temperature the lattice spacing en-
ters and the scale has to be fixed, as discussed in Sect. 3.5. The currently
accepted value is Tc ≈ 270 MeV for the quenched situation. Results from
different improved gauge actions, extrapolated to the continuum limit, agree
within a few percent.

In studies of the transition various standard tools of statistical physics have
been employed. An informative quantity is the Polyakov loop susceptibility

χP = N3
(
〈P 2〉 − 〈P 〉2

)
, (12.15)

which peaks at the transition. The value and position of this peak follow finite
size scaling laws [21] and lead to information on the infinite volume values from
finite volume measurements.

Typical computer simulations at finite T should have spatial extents much
larger than the temporal size in order to reduce finite size effects. Thus NT is
relatively small, which limits the number of different Matsubara frequencies.
It also complicates attempts to determine exponential decay properties in
time direction of observables like particle propagators since at large T , i.e.,

In the unquenched case the result change dramatically:    Tc (nf=2+1) ≈150 MeV ! 
The simple picture of Polyakov order parameter fails and other P are required 
 
Chiral condensate              or susceptibility 
display a phase transition at T very close to Tc   

 
Is Tchiral

c = Tconfinement
c  ? 

 
Nobody has prove it: big debate (hotQCD and Wuppertal/Budapest) !   
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1
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< 0 | P (~x) | 0 >

One can show that
< P > ⇠ e�Fq

where F
q

is the free energy of a color static quark.

• The case < P >= 0 corresponds to an infinite free energy (confined phase)

• The case < P > 6= 0 corresponds to a finite free energy (deconfined phase)

chirl cndesate
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Universality and critical behavior

I The chiral susceptibility is the derivative �ud = @
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“Quenched” calculations Tc≈ 270 MeV  
 



Thermodynamics and equation of state 

Knowing Z(T,V,mq,…) we can acces to usual thermodynamical quantities 

26.5 Thermodynamics

Formally the partition function depends on β, V,mi, g. One can define several thermodinamic quantities:

1. Energy density

ε = −
1

V

∂ log Z

∂β
=

T 2

V

∂ log Z

∂T

2. Pression

p = T
∂ log Z

∂V

3. Chrial condensate

Σi =
∂ log Z

∂mi

quenched Temperature critique Tc = 270 MeV
unquenched Temperature critique Tc = 170 MeV

26.6 Equation of state

A relativistic gas of non interaction q and g at high T follows the Boltzman law

p(T ) =
π2

45

(

8 +
21

4
Nf

)

T 4

and the state equation
ε(p) = 3p

97
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From the above one can obtain the equation of state, that is

ε(p)

• A relativistic gas of non interaction q and g at high T follows the Boltzman law
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12.1 Introduction of temperature 311
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Fig. 12.4. Pressure p determined from simulations for pure SU(3) gauge theory
and QCD with two or three light quarks or two light and one heavy quark (2+1)
with ms ≈ T [35] (figure from [36]). The arrows on the right-hand side of the plot
indicate the corresponding infinite temperature limits from the Stefan–Boltzmann
law (12.19). (From: Karsch [36]. Reprinted with permission from AIP)

Due to the crossover nature of the transition the particle spectrum may
change gradually from the (for zero temperature well-known) spectrum of
mesons and baryons to some intermediate state before asymptotic behavior
sets in and a plasma of quarks and gluons defines the ground state. The
restoration of chiral symmetry above Tch may be realized by degenerate par-
ity partners, but still, e.g., mesonic bound states. The region presently ac-
cessible in heavy ion experiments is typically close to the transition and the
observations thus may be dominated and obscured by the intermediate phase-
changing properties.

As mentioned, because of the small Euclidean time extent (less than 1 fm)
it is quite problematic to use the standard approach for determining the par-
ticle spectrum by studying correlation functions in time direction, although
this has been tried [37–39]. One can, however, analyze the spatial correlation
functions, which leads to so-called screening masses [40–43]. Integrating the
propagators over all space and time gives the thermal susceptibilities involv-
ing a contact term, which has to be subtracted. The integration involves a
sum over all states in the corresponding quantum channel, though. Follow-
ing these through the transition indicates that the masses of π(0−+) and the
isoscalar f0(0++) become degenerate quickly above Tch, indicating a restora-
tion of SU(2) flavor symmetry. The mass of the isovector a0(0++) is still
different from that of the pion, though, indicating persistent UA(1) symmetry
breaking.

Zero baryon number (pure glue) 



QCD thermodynamics at vanishing chemical potential Project development

 0

 1

 2

 3

 4

 5

 6

 7

 100  150  200  250  300  350

(ε
-3

p
)/

T
4

T [MeV]

hotQCD results:

hisq Nt=8
asqtad Nt=8

p4 Nt=8

Budapest-Wuppertal
stout

cont
Nt=6
Nt=8

Nt=10
Nt=12

Figure 2: Results for the trace anomaly of the hotQCD and this PI’s collaborations. Clearly visible is the
significant discrepancy of the predicted peak heights.

hotQCD collaboration, which is shown in the right panel of Fig. 1. Indeed, the two results finally converged
and the hotQCD collaboration now reports Tc = 154(9) MeV for the remnant of the chiral transition [3]. This
agrees with our original result within errorbars. This agreement is a success story of lattice thermodynamics,
which contributes to the credibility of the whole field.

Interestingly in the case of the Equation Of State (EOS) di↵erences between the collaborations remain. This can
be best seen on the height of trace anomaly in the transition region (Fig. 2). Our data is from the publication [9],
where a continuum estimate was provided for the EOS using Nt = 6, 8, 10 lattices and at three characteristic
points also using Nt = 12. The smallness of lattice artefacts of our “2stout”-staggered action is apparent.
Moreover for low temperatures a good agreement with the Hadron-Resonance-Gas (HRG) Model was found,
this confirms the reliability of our calculations. However for a fully controlled continuum extrapolation one
needs Nt = 12 lattices in the whole temperature range (and perhaps even Nt = 16 at some temperature points).
In light of the above discrepancy plus the phenomenological relevance of the EOS doing these calculations is a
pressing and important issue.

Also in [9] a “partially-quenched” analysis of the charm quark contribution to the EOS is performed, showing
that for temperatures beyond 300 MeV the charm quark becomes relevant and cannot be omitted any more. As
described in [11] we have already started fully dynamical calculations of the charmed EOS, preliminary results
for the pressure are shown on Fig. 3. From the plot one can also see, that there are no sizeable discretization
artefacts due to the heavy charm.

Thermodynamics with Wilson and overlap quarks

The discretization schemes used in the aforementioned calculations are based on staggered fermions. This
formulation su↵ers from a delicate discretization problem (called “taste-breaking”), which distorts the results
for small temperatures. Moreover there is a also conceptual issue (called “rooting”), according to which this
formulation lacks a solid theoretical fundament. These problems suggests, that it would be desirable to have
results with other fermion formulations, too.

Accordingly we have started a major e↵ort with conceptually clean Wilson-type fermions in addition to the
above staggered simulations. As a first step into this direction, we have determined the Line of Constant Physics
(LCP) for our “6stout”-improved Wilson (clover) action. This work was done in close collaboration with Project
A13 and ultimately led to a publication in Science [10] on the light hadron spectrum. It was also selected as

Hadron Physics from Lattice QCD 61



Thermodynamics and equation of state 

This can be generalized to non zero baryonic number by introducing 
a quark chemical potential and the grand canonical ensemble. 

µq = quark chemical potential 

Nq = quark number operator 

26.7 Non vanishing chemical potential

Grand canonical ensemble
Z(T, µ) = Tr

[

e−β(Ĥ−µqN̂q)
]

• µq = quark chemical potential (µB = 3µq)

• N̂q = quark number operator (N̂B = 3N̂q)
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e−β(Ĥ−µqN̂q)
]

• µq = quark chemical potential (µB = 3µq)

• N̂q = quark number operator (N̂B = 3N̂q)

98

26.7 Non vanishing chemical potential

Grand canonical ensemble
Z(T, µ) = Tr

[
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Figure 2: The di↵erence between the pressure at µ > 0 and µ = 0. The solid lines show the predictions of the
hadron resonance gas model.

of state on the µ–T plane than the ones we obtained from the chiral condensate or the strange quark number
susceptibility.

The absolute scale (Tc) and the nature of the QCD transition is sensitive not only to the chemical potential
but also to other external conditions such as magnetic fields. The properties of the QCD vacuum exposed to a
strong external magnetic field play an important role in heavy ion physics, cosmology and the study of dense
neutron stars. A particularly interesting aspect is the structure of the QCD phase diagram in the external field
– temperature plane. This phase diagram is essential for understanding both the evolution of the early universe
(for magnetic fields as high as ⇠ 1016 T) and the description of non-central heavy ion collisions (⇠ 1014 � 1015

T). Another exciting possibility about the response of the system to the magnetic field is the interplay between
the external field and the non-trivial topological structure of the QCD vacuum. This can generate an electric
current of quarks (anti)parallel to the direction of the magnetic field, leading to the so-called Chiral Magnetic
E↵ect (CME) [6], which could be measured experimentally in contemporary heavy ion accelerators.

Unlike the case of a finite chemical potential, a non-zero external magnetic field B does not lead to a sign-
problem, therefore conventional lattice Monte-Carlo simulation methods can be applied. Still, until recently
there was only a single lattice study in the literature about the phase diagram [1]. In this paper the transition
temperature Tc(B) was observed to increase with growing magnetic field. However, this result was obtained on
coarse lattices with unphysically large quark masses, both leading to unknown systematical errors.

Therefore, a systematic and conclusive study of both phenomena was desirable where a) dynamical quarks
are included, b) the quark masses are set to their physical values and c) a continuum limit is obtained from
the lattice data. This analysis, namely determining the phase diagram was performed in 2011 by us [36], and
the results showed that the transition temperature significantly decreases (see Fig. 3) with growing B, thereby
contradicting the results of [1]. Our full results (physical quark masses with continuum extrapolation) [36] also
show that this discrepancy is related to the unphysical quark masses and large lattice artefacts of [1]. Moreover,
in [36] the strength of the transition was also observed to increase as the magnetic field grows. This raises the
possibility that the crossover transition can turn into a real, first-order phase transition if the magnetic field is
large enough.

Despite remarkable e↵orts and developments in the past, we are still lacking even more powerful techniques
for lattice QCD at finite density. In the present funding period we explored the possibilities for using fugacity
expansion, which is an expansion of the grand-canonical fermion determinant det D(µ) in a Laurent series using
the fugacity exp(�µ) as the expansion parameter. We stress that the fugacity expansion of the grand canonical
determinant can be set up in an arbitrary background gauge configuration.

The expansion coe�cients D(q) have the interpretation of a projection of the grand canonical determinant
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