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The Ecole Joliot Curie will be held in the town of Frejus which was the largest naval base in the 
Mediterranean during roman times. Presently, it is a town of artistic, architectural and cultural interest. La 
Villa Clythia, where the participant will be staying is in the heart of a vast park of 2.5ha. 

 

 By rail: TGV to Saint Raphaël (3 km – 2 miles) and to Fréjus/Valescure. Free shuttles will be provided 
between the station Saint Raphaël Valescure and the centre La Villa Clythia (on Sunday 29th September 
2013).-→Departure time of the free shuttles from the railway station (11.35 am / 12.45 pm /1.40 pm / 
2.40 pm / 3.50 pm). 

      For those who cannot take the free shuttle please note that: 
    -A taxi can be hired (fare around 15 euros per taxi). 
    -A regional bus (ligne 3) which has a stop at La villa Clythia, can be taken (fare of the trip 1.10 euros). 
In order to take this bus, participants will have to walk from the railway station up to the Coach Station 
(5 min walking). Timetable enclosed. 

 

 By plane: Nice (70 km – 45 miles). One free shuttle will be provided between the Nice Airport and the 
centre La Villa Clythia (on Sunday 29th September 2013). 
→  Departure time of the free shuttle from the Nice Airport (1.00 pm) from Terminal 2 and after 
Terminal 1. 
 

   For those who cannot take the free shuttle please note that: 
   -A regional bus can be taken - VARLIB (fare around 20 euros per trip) from the Nice Airport to 
St.Raphaël Coach Station. The travel time is around 50 min. Timetable enclosed. 

 
ARRIVAL in La Villa Clythia (Frejus) 
Registration will be open on Sunday 29th September 2013 
from 2.30 pm to 4.15 pm. 
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1) Heavy Ion Collisions

2) Thermal Model and Collective Flow 

3) Current results
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Content (lecture 1-3)



The Standard Model

QCD the theory of the strong force
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What is the universe made of?

• Elementary particles make up 
0.1% of the mass of the universe

• SM Higgs mechanism

• Composite particles can account 
for ~4%

• QCD chiral symmetry breaking

• Dark Matter 23%

• Dark Energy 72.9%

• The ~4% are still not understood 
very well, and the other 95% a 
complete mystery!
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QCD; Quarks and Gluons 
• In the world around us quarks and gluons do not exist as free 

particles

• confined in hadrons by the strong interaction (QCD)

• At T → ∞ asymptotic freedom tells us that quarks and gluons are 
the relevant degrees of freedom and this phase of QCD is called 
the Quark Gluon Plasma

• We think that this state of matter permeated the early universe 
until the first microseconds after the Big Bang

• After expanding and cooling down the universe goes through a 
phase transition in which the quarks and gluons become confined 

• This phase transition is poorly understood from first principles 
but some theoretical understanding of the complex features can 
be obtained from lattice QCD 
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The QCD vacuum
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“In high-energy physics we have concentrated on 
experiments in which we distribute a higher and 

higher amount of energy into a region with smaller 
and smaller dimensions

In order to study the question of ‘vacuum’, we 
must turn to a different direction; we should 

investigate some bulk phenomena by distribution 
high energy over a relatively large volume”

T.D. Lee

Rev. Mod. Phys. 47 (1975) 267.



How?
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E = mc2

collisions at high energy allow us to create new heavy 
particles and in collisions of heavy-ions a “little bang”

Nuclear Matter
(confined)



How?
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E = mc2

collisions at high energy allow us to create new heavy 
particles and in collisions of heavy-ions a “little bang”

Quark Gluon Plasma
deconfined !



• heavy-ion collisions provide 
experimental access to the 
properties of the QGP

• better understand the 
evolution of our universe

• better understanding of 
QCD in the non-
perturbative regime

8 phase diagram of waterQCD phase diagram



rough estimate: EoS and degrees of 
freedom

➡ energy density of g massless degrees 
of freedom

➡ hadronic matter dominated by lightest 
mesons (π+, π-, and π0)

➡ deconfined matter, quarks and gluons

➡ during phase transition large increase 
in degrees of freedom !
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rough estimate: QCD phase 
transition temperature

• confinement due to bag pressure B (from the QCD vacuum)

• B1/4~ 200 MeV

• deconfinement when thermal pressure is larger than bag pressure
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crude estimate!



QCD on the Latice
T ~ 170 MeV,  ε ~ 1 GeV/fm3

at the critical temperature a 
strong increase in the 
degrees of freedom

✓ gluons, quarks & color!

not an ideal gas!?

✓ residual interactions

at the phase transition dp/dε 
decreases rapidlyp =

1
3
� = g

⇥2

90
T 4

gH ⇥ 3 gQGP ⇥ 37

g = 2spin � 8gluons +
7
8
� 2flavors � 2qq̄ � 2spin � 3color
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Experiment?

study phase transition in 
controlled lab conditions 
by colliding heavy-ions
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CERN and BNL
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SPS detector example: NA49
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NA49 event display
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The Relativistic Heavy Ion Collider 
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n 3.83 km circumference
n Two independent rings

o 120 bunches/ring
o 106 ns crossing time

n Capable of colliding 
~any nuclear species 
on 
~any other species

n Energy:
 200 GeV for Au-Au

(per N-N collision)
 500 GeV for p-p

n Luminosity:
o Au-Au: 2 x 1026 cm-2 s-1

o    p-p  : 2 x 1032 cm-2 s-1 
(polarized) 



RHIC detector example: STAR
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STAR online event display
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Online Level 3 Trigger Display 
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The Large Hadron Collider (LHC)
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The Large Heavy ion Collider (LHC)



LHC
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The ALICE Detector
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ALICE Collaboration: 
~ 1200 people, 30 countries, ~ 100 Institutes



ALICE
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20.000 particles per collision and thousands of 
collisions per second!



The first Pb-Pb collision!
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Event Characterization
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Impact Parameter

• impact parameter b

• perpendicular to beam 
direction

• connects centers of the 
colliding ions

slope:

 2π dσ/dN

b
2R
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Centrality Determination (I)

spectators

participants

b
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centrality characterized by:
1. Npart, Nwounded: number of nucleons which suffered at 

least one inelastic nucleon-nucleon collision
2. Ncoll, Nbin: number of inelastic nucleon-nucleon collisions
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✓ nuclear density from Wood-
Saxon distribution

✓ nucleons travel on straight lines, 
no deflection after NN collision

✓ NN collision cross section from 
measured inelastic cross section 
in p+p

✓ NN cross section remains 
constant independent of how 
many collisions a nucleon 
suffered 

Nucleus A R a

Au 197 6.38 0.535

Pb 208 6.68 0.546

√S (GeV) σin,pp (mb)

20 32

200 42

2700 ~64

Glauber Model Calculations 
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wounded nucleon scaling

binary scaling

number of participating nucleons scales 
with volume ~ 2A

A

L~A1/3

number of NN collisions, point like, scales 
with ~ A4/3

Wounded nucleons and binary collisions
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Centrality determination (II)
Zero-Degree-Calorimeter 
(ZDC) measures energy 
of all spectator nucleons

spectatorsFixed target

Collider
Zero-Degree-Calorimeter 
(ZDC) measures energy 
of all unbound spectator 
nucleons

➡charged fragments (p, d, 
and heavier) are 
deflected by accelerator 
magnets

➡EZDC small for very 
central and very 
peripheral collisions, 
ambiguous
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✓ peripheral collisions, 
largest fraction cross 
section

✓ many spectators

✓ “few” particles produced

Peripheral Event
From real-time Level 3 display

b

Centrality determination (III)
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Centrality determination (IV)

✓ impact parameter b = 0

✓ central collisions, small cross 
section

✓ no spectators

✓ many particles produced

Central Event
From real-time Level 3 display
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Centrality determination (ALICE)

✓Determines the magnitude of the 
impact parameter

%σtot <Npart> <b>

0-5 386 2.48

20-30 177 7.85

60-70 25 12.66
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The Reaction Plane

E d
3N
d3p

=
d3N

ptdptdyd(φ − ΨR )

x, b

y
z

determine the angle of the reaction plane ψR

y

x

ΨR



How do we study these collisions?

! "

Figure 1. Artist’s conception of the evolution of the Big Bang (top – credit: NASA) and the Little Bang
(bottom – credit: Paul Sorensen and Chun Shen).

Of course, the Big and Little Bangs are quite di↵erent in other aspects: Their expansion rates
di↵er by about 18 orders of magnitude; the Little Bang’s expansion is 3-dimensional and driven
by pressure gradients, not 4-dimensional and controlled by gravity; Little Bangs evolve on time
scales of ioctoseconds, not billions of years; distances are measured in femtometers rather than
light years. Most importantly, the Little Bang Standard Model is still under construction. This
overview discusses recent progress of the edifice.

2. Eccentricity fluctuations, anisotropic flows, and flow fluctuations
We can observe only one Big Bang (the one that produced our universe), but at the Relativistic
Heavy-Ion Collider (RHIC) and Large Hadron Collider (LHC) we have experimentally created
and studied billions of Little Bangs. Each Little Bang is di↵erent: Highly successful
phenomenology based on hydrodynamic evolution models [8, 4] has taught us that the initially
very dense quark-gluon matter created in heavy-ion collisions reaches approximate local thermal

! "

Figure 1. Artist’s conception of the evolution of the Big Bang (top – credit: NASA) and the Little Bang
(bottom – credit: Paul Sorensen and Chun Shen).

Of course, the Big and Little Bangs are quite di↵erent in other aspects: Their expansion rates
di↵er by about 18 orders of magnitude; the Little Bang’s expansion is 3-dimensional and driven
by pressure gradients, not 4-dimensional and controlled by gravity; Little Bangs evolve on time
scales of ioctoseconds, not billions of years; distances are measured in femtometers rather than
light years. Most importantly, the Little Bang Standard Model is still under construction. This
overview discusses recent progress of the edifice.

2. Eccentricity fluctuations, anisotropic flows, and flow fluctuations
We can observe only one Big Bang (the one that produced our universe), but at the Relativistic
Heavy-Ion Collider (RHIC) and Large Hadron Collider (LHC) we have experimentally created
and studied billions of Little Bangs. Each Little Bang is di↵erent: Highly successful
phenomenology based on hydrodynamic evolution models [8, 4] has taught us that the initially
very dense quark-gluon matter created in heavy-ion collisions reaches approximate local thermal

• What are the properties of the expanding hot and dense QCD matter?
34

The measurement of the viscosity is of par-
ticular interest in the context of a recent con-
jecture, derived using string theory methods, that
defines a perfect normal fluid (12). An example
of a nearly perfect fluid is the quark-gluon plas-
ma produced in gold ion collisions, which ex-
hibits almost perfect frictionless flow and is thought
to be a good approximation to the state of matter
that existed microseconds after the Big Bang
(13). The conjecture states that the ratio of the
shear viscosity h to the entropy density s has a
universal minimum, h/s ≥ ħ/(4pkB), where ħ is
Planck’s constant h divided by 2p and kB is the
Boltzmann constant. This ratio is experimentally
accessible in a trapped unitary Fermi gas, in which
the entropy has beenmeasured both globally (6, 9)
and locally (10, 11) and the viscosity can be de-
termined fromhydrodynamic experiments (14–17),
so that the predicted minimum ratio can be
directly compared with that from Fermi gas ex-
periments (16, 17).

In a Fermi gas, the h/s ratio for the normal
fluid is expected to reach a minimum just above
the superfluid transition temperature (16). This
can be understood by using dimensional analysis.
Shear viscosity has units of momentum per area.
For a unitary gas, the natural momentum is the
relative momentum ħ k of a colliding pair of par-
ticles, whereas the natural area is the resonant
s-wave collision cross section, 4p/k2 (18). Thus,
h º ħ k3. At temperatures well below the Fermi
temperature at which degeneracy occurs, the Fermi
momentum sets the scale so that k ≅ 1/L, where L
is the interparticle spacing. Then, hº ħ /L3, and
h º ħ n. For a normal fluid above the critical
temperature, the scale of entropy density s ≅ n kB,
so that h/s ≅ ħ /kB. For much higher temperatures
above the Fermi temperature, one expects that ħ k
is comparable with the thermal momentum
pT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mkBT

p
, giving the scale h º pT

3/ħ2 1º
T3/2/ħ2.

To properly measure the shear viscosity with
high precision over a wide temperature range, we
used universal hydrodynamic equations, which
contain both the friction force and the heating
rate, to extract the viscosity from two experiments,
one for each of two temperature ranges. For mea-
surement at high temperatures, we observed the
expansion dynamics of a unitary Fermi gas after
release from a deep optical trap and demonstrated
the predicted universal T 3/2 temperature scaling.
For measurement at low temperatures, we used
the damping rate of the radial breathing mode,
using the raw cloud profiles from our previous
work (19). The smooth joining of the data from
the two measurement methods when heating is
included (20), and the discontinuity of the data
when heating is excluded, demonstrates the im-
portance of including the heating as well as the
friction force in the universal hydrodynamic
analysis.

The experiments employ a 50-50 mixture
of the two lowest hyperfine states of 6Li, which
was magnetically tuned to a broad Feshbach res-
onance and cooled by means of evaporation in

the optical trap. The initial energy per particle E
is measured from the trapped cloud profile (20).

In the high-temperature regime, the total
energy of the gas E is larger than 2EF, well above
the critical energy Ec < 0.8EF for the superfluid
transition (9–11). In this case, the density pro-
file is well fit by a Gaussian, n(x,y,z,t) = n0(t)
exp(−x2/sx2−y2/sy2−z2/sz2), where si(t) is a time-
dependent width, n0(t)=N/(p

3/2sxsysz) is the cen-
tral density, and N is the total number of atoms.

The aspect ratio sx(t)/sz(t) was measured as a
function of time after release so as to characterize
the hydrodynamics, for different energies E
between 2.3EF and 4.6EF (Fig. 1). We also took
expansion data at one low-energy pointE= 0.6EF,
where the viscosity is small as compared with
that obtained at higher temperatures and the den-
sity profile is approximately a zero-temperature
Thomas-Fermi distribution. The black curve in

Fig. 1 shows the fit for zero viscosity and no free
parameters. To obtain a high signal-to-background
ratio, wemeasured the aspect ratio only up to 1.4.
For comparison, the green dashed curve in
Fig. 1 shows the prediction for a ballistic gas.

We determined the shear viscosity h by using
a hydrodynamic description of the velocity field
v(x,t) in terms of the scalar pressure and the shear
viscosity pressure tensor,

mð∂t þ v ˙ ∇Þvi ¼ fi þ ∑
j

∂jðh sijÞ
n

ð1Þ

where f = −∇P/n is the force per particle arising
from the scalar pressure P and m is the atom
mass. For a unitary gas, the bulk viscosity is pre-
dicted to vanish in the normal fluid (21, 22), so
we did not include it in the analysis for the ex-
pansion. The second term on the right describes
the friction forces arising from the shear viscos-
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Fig. 1. Anisotropic expansion. (A)
Cloud absorption images for 0.2,
0.3, 0.6, 0.9, and 1.2 ms expansion
time; E = 2.3EF. (B) Aspect ratio
versus time. The expansion rate
decreases at higher energy as the
viscosity increases. Solid curves indi-
cate hydrodynamic theory, with the
viscosity as the fit parameter. Error
bars denote statistical fluctuations in
the aspect ratio.

Fig. 2. Trap-averaged viscosity
coefficient a = ∫d3x h=(ħN) versus
initial energy per atom. Blue
circles indicate breathing-mode
measurements; red squares indi-
cate anisotropic expansion mea-
surements. Bars denote statistical
error arising from the uncertainty
in E and the cloud dimensions.
(Inset) a versus reduced temper-
ature q0 at the trap center before
release of the cloud. The blue curve
shows the fit a0 = a3/2 q0

3/2,
demonstrating the predicted uni-
versal high-temperature scaling.
Bars denote statistical error arising
from the uncertainty in q0 and a.
A 3% systematic uncertainty in EF
and 7% in q0 arises from the sys-
tematic uncertainty in the abso-
lute atom number (20).
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C. Cao et al, Science 331, 58 (2011) ultracold strongly interacting Fermi gas

our Universe a heavy-ion collision



Time Evolution
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hadron transport

hydrodynamics
parton transport

pQCD

CGC?



different observables
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jetsJ/ψγ e πp

hadron transport

hydrodynamics
parton transport

pQCD

CGC?



Stopping and Energy 
Density
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Available Energy: Baryon-stopping

• In pp collisions 50% of beam energy available for particle production

• In AA collisions 70-80% of beam energy available for particle 
production (in accordance with expectations from pA)
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Transverse Energy and Energy Density
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πR2

dz = τ0dy

Bjorken energy density estimate

"Bj =
1

⇡R2

1

⌧

dET

dy

dET

dy
= 503± 2 GeV

"Bj = 4.6 GeV/fm

Much larger than the critical energy density!



Do we produce a QGP?

40

are there smoking guns?



Strangeness Enhancement
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Strangeness Enhancement

• QGP signature proposed by Rafelski and Muller, 1982

• The masses of deconfined quarks are expected to be about 350 
MeV lower compared to confined

• ms(constituent) ~ 500 MeV → ms(current) ~ 150 MeV

• Tc ~ 170 MeV strange quark should be a sensitive probe

42



Strangeness Production in a QGP

• Copious strangeness production by gluon fusion:

• In a system which is baryon rich (i.e. an access of quarks over anti-
quarks), the enhancement can be further enhanced due to Pauli blocking 
of light quark production

43

s

sg

g



Strangeness abundances in a QGP

• The QGP strangeness abundance is 
enhanced

• The strange quarks recombine into 
hadrons (when the QGP cools down and 
hadronizes)

• The abundance of strange hadrons should 
also be enhanced

• This enhancement should be larger for 
particles of higher strangeness content

44

s

sg

g

E(Ω−) > E(Ξ−) > E(Λ)

(sss) (ssd) (sud)



Strangeness abundances in a hadron gas

• In a relatively long lived strongly 
interacting hadronic system 
strangeness can also be enhanced

• These hadronic processes are 
relatively fast and easy for kaons and 
Λ, but progressively harder for 
particles of higher strangeness 

• The production of multi-strange 
baryons is expected to be sensitive to 
deconfinement

45

E(Ω−) < E(Ξ−) < E(Λ)

(sss) (ssd) (sud)

only 2→2 processes considered!!



Strangeness measurement at the SPS

• Enhancement: yield per participant 
relative to yield per participant in p-
Be 

• The Ω yield is more than a factor 20 
enhanced

• Relative order follows QGP 
prediction

46



Canonical Suppression of Strangeness

• Successful description of 
strangeness production in 
heavy ion collisions with a  
thermal model using a grand 
canonical ensemble

• For small systems exact 
strangeness conservation 
becomes important, canonical 
ensemble, reduces available 
phase space

47

Strangeness enhancement is not necessarily a smoking gun



Charmonium Suppression
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Charmonium Suppression

• a QGP signature predicted by Matsui and Satz, 1986

• In the plasma phase the interaction potential is expected to be 
screened beyond the Debye length λD (analogous to e.m. Debye 
screening)

• Charmonium (ccbar) and bottonium (bbbar) states with r > λD will 
not bind; their production will be suppressed

49



Charmonium Suppression

• λD depends on temperature, thus which states are suppressed depends 
on temperature 

• Charmonium suppression key signature of deconfinement

• ccbar and bbbar bound states are particularly sensitive probes because 
the probability of combining an uncorrelated pair at the hadronization 
stage is small

• In fact, at the SPS the only chance of producing a ccbar bound state is 
shortly after the pair is produced. Debye screening destroys this 
correlations

50



Sources of  Suppression
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J/ψ

hadron

Hadron approaches the J/ψ.

1.

J/ψ

Hadron’s 
color 
field 
disrupts 
the J/ψ.

2. 3.

J/ψ remnants move 
apart

1.

3.

2.

Matsui &
Satz (1986)

Debye screening of the J/ψ Co-movers suppressing the J/ψ



The J/Ψ measurement at the SPS

• Measured/expected J/Ψ 
suppression versus estimated 
energy density

• Anomalous suppression sets in at 
ε~ 2.3 GeV/fm3 

• Double step was interpreted as 
successive melting of the χC and 
of the J/Ψ

52



The J/Ψ measurement at RHIC

• Suppression pattern almost the same 
as at the SPS???

• J/Ψ production at RHIC is more 
complicated due to possible 
contributions from coalescence

53

See lectures PBM



End Lecture 1
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1) Heavy Ion Collisions

2) Thermal Model and Collective Flow 

3) Current results
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some highlights at SPS
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highlights at RHIC
M. Roirdan and W. Zajc, Scientific American 34A May (2006)  
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Particle Yields
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Particle Yields

• Chemical freeze-out

• “sharp” end of inelastic collisions

• particle yields are fixed

• entropy of the system stays constant 

• Chemical temperature

• if system is in local equilibrium the chemical temperature is 
the temperature of the system at hadronization
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Ensembles of Statistical Mechanics
• Microcanonical Ensemble 

• describes and isolated system

• Canonical Ensemble 

• describes a system in contact with a heat bath

• T is constant, Energy can be exchanged

• Grand Canonical Ensemble

• describes a system in contact with a heat and particle 
bath

• T is constant, Energy can be exchanged, number of 
particles can change

• For these systems we can define

• Ps: probability of observing the System in energy state Es

• Z: the partition function which describes how the 
probability is distributed among the states

• S: entropy of the system S = k log(Z), Boltzmann law

60

We use a Grand Canonical Ensemble



Canonical Ensemble
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Z =
X

s

e��Es

probability to see a state with energy Es
β= 1/(kT)

Z = Canonical partition function

F = U - TS Helmholtz free energy, maximal energy that can be converted into work

F (T, V,N) = �kT logZ(T, V,N) ! Z = e�F

Ps =
1

Z
e��Es

www.physics.udel.edu/~glyde/PHYS813/Lectures/chapter_6.pdf‎

! Ps = e�(F�Es) and
X

s

Ps = 1

http://www.physics.udel.edu/~glyde/PHYS813/Lectures/chapter_6.pdf
http://www.physics.udel.edu/~glyde/PHYS813/Lectures/chapter_6.pdf


Grand Canonical Ensemble
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6 Statistical Mechanics.

Figure 6.1: Open Sub-system of Na particles in a volume Va.

assuming the eigenstates ES are normalized. Using the operator equations
(6.15) and (6.16) we may write

hAi =
X

S

hES | Ω̂C Â |ESi

¥ Tr
n

Ω̂C Â
o

(6.18)

Here the trace, Tr, is defined as the sum over the states
≠

ES

Ø

ØES

Æ

. The compact
form (eq. 6.18) is often used to represent averages in the canonical ensemble
and Ω̂C in eq. (6.13) is called the canonical density operator.

6.3 The Grand Canonical Ensemble

Here we consider an open system in contact with a heat and particle bath.
The system is open meaning that particles as well as heat can be exchanged
between the bath and the system. An example is a solid or liquid (the system)
in contact with its vapor (the bath) in equilibrium so that particles are freely
exchanged between the liquid and the vapor. Since the vapor and liquid are
in equilibrium, the chemical potential, µ, is the same in each (and particles
are exchanged to maintain µ the same in each phase) The grand canonical
ensemble is an assembly of mental copies of this open system. In the ensemble
all possible states of the system are represented; that is, all possible values of
N and all possible energy states ES(N) for a given N .

We can construct a grand canonical ensemble from the canonical ensemble
depicted in Fig. 6.1. We sub-divide the closed system having N particles in
Fig. 6.1 into two parts; one small part having Na particles in volume Va and
the second having Nb particles in the remaining volume, Vb. We choose Na ø
Nb = N ° Na . This division is depicted in Fig. 6.1. The small sub-system
is our open system and particles can be freely exchanged between it and the
remaining N °Na particles. The ensemble is then an assembly of mental copies
of this open sub-system.

To develop the statistics for the open system we recall that the probability
of observing the closed system of N particles in energy state ES is from eq. (6.5),

PS = Z°1 e°ØES = eØ(F°ES)

We build the GCE from the CE

www.physics.udel.edu/~glyde/PHYS813/Lectures/chapter_6.pdf‎

F (T, V,N) = Fa(T, Va, Na) + Fb(T, Vb, Nb)

now lets look at the probablity of observing a subsystem Na with energy Esa(Na)

Psa(Na) = e��Esa (Na) ⇥ e�(F�Fb)
with Fb = �kT log

X

sb

e��Esb
(Nb)

Ps = e��Esa (Na) ⇥ e��Esb
(Nb) ⇥ e�F (T,V,N)

Ps = Z�1e��Es = e�(F�Es)

Es = Esa(Na) + Esb(Nb)

http://www.physics.udel.edu/~glyde/PHYS813/Lectures/chapter_6.pdf
http://www.physics.udel.edu/~glyde/PHYS813/Lectures/chapter_6.pdf
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Psa(Na) = e��Esa (Na) ⇥ e�(F�Fb)
with Fb = �kT log

X

sb

e��Esb
(Nb)

since Na << N and Va << V

Fa = F � Fb =

✓
@F

@N

◆
Na +

✓
@F

@V

◆
Va = µNa � paVa

Psa(Na) / e��(Esa (Na)�µNa)

Psa(Na) = e��paVa e��(Esa (Na)�µNa)

The probability depends on the number of 
particles Na and on the chemical potential μ 
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Psa(Na) / e��(Esa (Na)�µNa)

Fa = µNa � paVa

Na =
dFa

dµ
=

dT lnZa

dµ
now more general 

(without subsript a):

Ps(N) / e��(Es(N)�µN)

Z =
X

s,N

/ e��(Es(N)�µN)

in general given he total number of 
states N

N =
X

i

ni E =
X

i

niEi

we can write the total particion 
functions as:

Z(T, V, µ) =
X

n1,n2,...

e��
P

(Ei�µ)ni

=
X

n1,n2,...

Y

i

e��(Ei�µ)ni

=
Y

i

"
X

ni

e��(Ei�µ)ni

#

sum in exponential 
goes to product

each exponential 
only depends on 

one of the ni
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Z(T, V, µ) =
X

n1,n2,...

e��
P

(Ei�µ)ni

=
X

n1,n2,...

Y

i

e��(Ei�µ)ni

=
Y

i

"
X

ni

e��(Ei�µ)ni

#

X

n1,n2

e��[(E1�µ)n1+(E2�µ)n2] =

e��[(E1�µ)+2(E2�µ)] + e��[2(E1�µ)+(E2�µ)]

+e��[(E1�µ)+(E2�µ)] + e��[2(E1�µ)+2(E2�µ)]

A

B

n1 = 1, 2 and n2 = 1, 2

A

⇧i(e
��(Ei�µ) + e�2�(Ei�µ)) =

(e��(E1�µ) + e�2�(E1�µ))·
(e��(E2�µ) + e�2�(E2�µ))

B

A = B

Z =
Y

i

zi

partition function of whole system 
factorizes in products of partition 
functions of single particle states
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ZF =
Y

i

(1 + e��(Ei�µ)), ZB =
Y

i

1

(1� e��(Ei�µ))

For Fermions (ni = 0,1) and Bosons (ni = 0,1,2,3,...) 
we get respectively:

ln Z transforms the product into a sum, The sum runs over the 
number of states and if we include the phase space density

we get:

lnZ(T, V, µ) = ±gV

Z
d3p

(2⇡~)3 ln(1± e��(Ep�µ))

d3p

(2⇡~3)
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With this we can define the usual way pressure, N and energy:

lnZ(T, V, µ) = ±gV

Z
d3p

(2⇡~)3 ln(1± e��(Ep�µ))

P =
@T lnZ

@V
, N =

@T lnZ

@µ

E = V

Z
d3p

(2⇡~)3
Ep

1± e��(Ep�µ)

For an ideal gas Ep = |p|, μ=0:

✏ = gF
7

8

⇡2

90
T 4, P =

1

3
✏ ✏ = gB

⇡2

90
T 4, P =

1

3
✏

fermions                            bosons



Identified Particle Yields

• the thermal model (T, µ, mass) fits very well

• Works rather well in e+ e- and proton-proton collisions as well, except for  strange 
particles

68
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c2s =
@P

@e

µ̇µ =
rµP

e+ P
=

c2s
1 + c2s

rµe

e

measurements of the 
collective expansion 
constrain cs and thus 

the EoS
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eSB/T4

3p/T4

e/
T

4

F. Karsch, E. Laermann and A. Peikert,  
PLB  478 (2000) 447

p =
1
3
� = g

⇥2

90
T 4

gH ⇥ 3 gQGP ⇥ 37

g = 2spin � 8gluons +
7
8
� 2flavors � 2qq̄ � 2spin � 3color

for a noninteracting gas of massless quarks
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x 

y 

x 

y 

z 

x 

  only type of transverse flow in central 
collision (b=0) is radial flow Integrates 
pressure history over complete 
expansion phase

  elliptic flow (v2) , v4 , v6, … caused by 
anisotropic initial overlap region (b > 0) 
more weight towards early stage of 
expansion

  directed flow (v1) , sensitive to earliest 
collision stage (b > 0), pre-equilibrium at 
forward rapidity, at midrapidity perhaps 
different origin



Collective Motion

in p-p at low transverse 
momenta the particle 
yields are well described 
by thermal spectra (mT 
scaling)

boosted thermal spectra 
give a very good 
description of the particle 
distributions measured in 
heavy-ion collisions

mT

1/
m

T 
dN

/d
m

T light

heavyT

purely thermal
source

explosive
source

T,β

mT

1/
m

T 
dN

/d
m

T light

heavy

mT =
�

(m2 + p2
t )

dN

mT dmT
� e�mT /T

73

pT ⇡ pthT +m < vT >
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1

mT

dN

dmT
/ mTK1

✓
mT cosh ⌘T

Tkin

◆
I0

✓
pT sinh ⌘T

Tkin

◆

⌘T = tanh�1 �T

E. Schnedermann and U. Heinz,
PRC 50, 1675 (1994)

“Blastwave fit”
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FIG. 28: The charged particle v1 as a function of ⌘ for Au+Au collisions at
p
sNN =9.2, 62.4 and 200 GeV [105], and for

identified pions in
p
sNN =8.8 GeV Pb+Pb collisions [91].

If instead of ⇡ one looks at K

+, Fig. 30, a more interesting picture emerges. Instead of the extracted T
kin

rising
steadily to the topmost collision energies, the measured inverse slope of the p

T

distribution appears to form a plateau
for

p
sNN ⇠ 8-12 GeV before rising to significantly higher values for

p
sNN =130 and 200 GeV [109]. Such behavior

is seen for A+A collisions but not for p+p. If at intermediate
p
sNN the system instead forms a mixed phase region

the early stage pressure and temperature are predicted to become independent of the energy density [110]. This
e↵ect creates a step like dependence of the pressure and temperature on the collision energy. This leads, in turn, to
a weakening of the increase of the inverse slope parameter with

p
sNN as seen in Fig. 30. Measurements need to be

made to see how far this possible plateau extends as this may signal the transition to a single phase QGP system.
The K+/⇡+ ratio also exhibits interesting behavior around these collision energies (see subsection II B 4 and Fig. 31).

√sNN - 2mN (GeV)

STAR Preliminary

FIG. 29: The calculated thermal/kinetic freeze-out tem-
perature and mean transverse radial flow as a function ofp
sNN [107, 108].
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FIG. 30: The extracted inverse slope parameter of the p
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p
sNN for A+A and

p+p collisions. From [109].
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Viscous 
hydrodynamics does 
a good job explaining 

the observed soft 
particle spectra
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Elliptic Flow

1) superposition of independent p+p:
momenta pointed at random
relative to reaction plane
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Elliptic Flow
1) superposition of independent p+p:

2) evolution as a bulk system

momenta pointed at random
relative to reaction plane

pressure gradients (larger in-plane) 
push bulk “out” à “flow”

more, faster particles 
seen in-plane

N

φ-ΨRP (rad)
0 π/2 ππ/4 3π/4

v2 = ⇥cos 2(� � �R)⇤

v2 = ⇥cos 2(� � �R)⇤ = 0

 (rad)planeY-labf
0 0.5 1 1.5 2 2.5 3

N
or

m
al

iz
ed

 C
ou

nt
s

0.4

0.6

0.8

1

1.2

1.4

1.6

b	
�
    ≈	
�
    4	
�
    fm
b	
�
    ≈	
�
    6.5	
�
    fm

80



px

x

y

py

x (fm)
-5 0 5 -5 0 5 -5 0 5 -5 0 5

2 fm/c 4 fm/c 6 fm/c 8 fm/c
Time

b

z

-5 0 5

-5

0

5
b = 7 fm

0 fm/c

x

y

px

py

T
im

e

T
im

e

• in non central collisions coordinate 
space configuration is anisotropic 
(almond shape). However, initial 
momentum distribution isotropic 
(spherically symmetric)

• interactions among constituents 
generate a pressure gradient which 
transforms the initial coordinate space 
anisotropy into the observed 
momentum space anisotropy → 
anisotropic flow

• self-quenching → sensitive to early 
stage

� =
⇥y2 � x2⇤
⇥y2 + x2⇤

v2 = �cos 2�⇥

Elliptic Flow
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STAR Phys. Rev. Lett. 86, 402–407 (2001)
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Anisotropic Flow

For an ideal gas (pertubative QGP) the predicted elliptic flow is 
negligible
Against naive expectations the measured elliptic flow agrees with an 
ideal liquid (negligible specific shear viscosity η/s~0) 

R.S., S. Voloshin, A. Poskanzer 
(Berkeley 2001)
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STAR Phys. Rev. Lett. 86, 402–407 (2001)

ideal hydrodynams
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v2(pt) and particle mass

• on what freeze-out variables does it depend 
(simplification)?

• the average velocity difference in and out of plane 
(due to Δp)

• but also

• the average freeze-out temperature

• the average transverse flow

• the average spatial eccentricity 
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Hydro Motivated Fit

STAR Phys. Rev. Lett. 87, 182301 (2001)
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The effect of freeze-out temperature and 
radial flow on v2

• light particle v2(pt) very sensitive to temperature

• heavier particles v2(pt) more sensitive to transverse flow 

F. Retiere and M
.A. Lisa, Phys.R

ev.C
70:044907,2004 

ρ0=0.9, ρ2 =0.05
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The effect of the azimuthal asymmetric 
flow velocity and shape

• larger value of the difference in collective velocity in and out of the reaction 
plane leads to larger slope of v2(pt) above ~ <pt> of the particle

• larger spatial anisotropy leads to larger v2 with little mass dependence 
(transverse flow boosts more particles in the reaction plane)

T = 100 MeV, ρ0 =0.9
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boosted thermal spectra
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The EoS



RHIC Scientists Serve Up “Perfect” Liquid
New state of matter more remarkable than predicted -- 
raising many new questions
April 18, 2005
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6/3/11 17:41 Early Universe was a liquid : Nature News

Page 1 of 2http://www.nature.com/news/2005/050418/full/news050418-5.html
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Quarks and gluons have
formed a unexpected
liquid. Click here to see
animation.

“It's as much a
fluid as the water
in this glass.”

Published online 19 April 2005 | Nature | doi:10.1038/news050418-5

News

Early Universe was a liquid

Quark-gluon blob surprises particle physicists.

Mark Peplow

The Universe consisted of a perfect liquid in its first moments,
according to results from an atom-smashing experiment.

Scientists at the Relativistic Heavy Ion Collider (RHIC) at
Brookhaven National Laboratory on Long Island, New York, have
spent five years searching for the quark-gluon plasma that is
thought to have filled our Universe in the first microseconds of its
existence. Most of them are now convinced they have found it. But,
strangely, it seems to be a liquid rather than the expected hot gas.

Quarks are the building blocks of protons and neutrons, and gluons
carry the strong force that binds them together. It is thought that
these particles took some moments to condense into ordinary
matter after the intense heat of the Big Bang.

To recreate this soup of unbound particles, the RHIC accelerates
charged gold atoms close to the speed of light before smashing them
together. Previous experiments have shown that these collisions create
something the size of an atomic nucleus that reaches 2 trillion degrees
Celsius, about 150,000 times hotter than the centre of the Sun.

"This stuff was last seen in the Universe 13 billion years ago," says Sam Aronson, a director of
high energy research at Brookhaven.

Now experiments have revealed that this hot blob is a liquid, which lives for just 10-23 seconds.
"This was completely unexpected," says Wit Busza of the Massachusetts Institute of Technology,
one of the team of researchers who reported their discovery on 18 April at the American
Physical Society conference in Tampa, Florida.

Hot water

"The surprising thing is that the interaction between the quarks and gluons is much stronger
than people expected," says Dmitri Kharzeev, a theoretical physicist at Brookhaven. The
strength of this binding keeps the mixture liquefied despite its incredible temperature. "It's as
much a fluid as the water in this glass," Kharzeev says, pointing to his drink.
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created a new state of hot,
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prised open the nuclei to reveal
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The researchers, at the US
Brookhaven National
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were seen to behave as an
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Florida, will be published
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we believe they have actually found the elusive state known
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millionths of a second after the creation of the Universe -
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“The Illusion of Gravity” J. Maldacena 

A test of this prediction comes from 
the Relativistic  Heavy Ion Collider 
(RHIC) at Brookhaven National 
Laboratory, which has been colliding 
gold nuclei at very high energies. A 
preliminary analysis of these 
experiments indicates the collisions 
are creating a fluid with very low 
viscosity. Even though Son and his 
co-workers studied a simplified 
version of chromodynamics, they 
seem to have come up with a 
property that is shared by the real 
world. Does this mean that RHIC is 
creating small five-dimensional black 
holes? It is really too early to tell, 
both experimentally and theoretically. 

Allows for using 
‘AdS/CFT’-
correspondence to 
calculate transport 
properties like the 
specific shear 
viscosity 

AdS/CFT 
calculations 
established a strong 
coupling lower limits 
to the specific shear 
viscosity which seem 
to be very close to 
the maximum 
allowed by the 
elliptic flow data

change description from a 
weakly coupled to strongly 

coupled system



AdS/CFT
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Kovtun, Son, Starinets, PRL 94 (2005) 111601
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✓ not an ideal gas!!!!

✓ small difference in ε/T4, still a 
very different system

✓ ideal gas → strongly 
coupled liquid

✓ AdS/CFT reaches indeed also 
0.75 of the SB limit

p =
1
3
� = g

⇥2

90
T 4

gH ⇥ 3 gQGP ⇥ 37

g = 2spin � 8gluons +
7
8
� 2flavors � 2qq̄ � 2spin � 3color
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QCD properties are in principle calculable from the 
QCD Lagrangian using Lattice QCD



the event plane method

(multi)-particle correlations and cumulants
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How to measure flow?
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Anisotropic Flow
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x, b

y
z

S. Voloshin and Y. Zhang (1996)

harmonics vn quantify anisotropic flow

Azimuthal distributions of particles measured 
with respect to the reaction plane (spanned 
by impact parameter vector and beam axis) 
are not isotropic.



Azimuthal distributions
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x, b

y
z

symmetries reduce the number of parameters

r(') =

x0
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⇡

1X

n=1

[xn cos(n') + yn sin(n')]

1) particle yield at φ and -φ should be equal -> 
yn = 0 (no sin terms)

2) particle yield at φ and φ+π should be equal ->  
cos(nφ) = 0 for odd n

only even harmonics at mid-rapidity, v2, v4, v6, etc
vn = hcos[n('� R)]i
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The Event Plane 
Method

97



Event Plane Method
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the event plane is an experimental estimate of the reaction plane

Qnx =
�

i

wi cos (n�i)

Qny =
�
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wi sin (n�i)

�EP
n =

1
n

tan�1
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Event Plane Method
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weights to optimize the Q-vector

weights are in general pt dependent

Qnx =
�

i

wi cos (n�i)

Qny =
�

i

wi sin (n�i)



Event Plane Method
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weights to optimize the Q-vector

weights are in general η dependent (in 
magnitude and for odd harmonics in sign)



Event Plane Method

101

weights to correct for detector asymmetries

requires two passes over the data

52 Flow Analysis in ALICE
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Figure 3.2. (a) dN/dφ distribution of (from top): all generated particles (MC input), recon-
structed tracks and reconstructed primary particles in the ESD passing the minimal event
plane cuts (see sec.5.3.2), and all reconstructed secondaries in the ESD. The distribution of
reconstructed tracks shows the 18 sectors of the TPC. (b) Efficiency correction (φ weights)
calculated with eq.3.16, for all reconstructed tracks passing the minimal cuts, and for re-
constructed primaries. Plot generated from the all simulated Hijing + GeVSim events (see
chapter 5 for the simulation details).

The overall dN/dφ distribution of fig.3.2(a) clearly shows the radial segmen-
tation of the ALICE TPC. The dips in the distribution of reconstructed primaries
correspond to the azimuthal coordinate of the cracks between the 18 sensitive pads
on the outer walls of the TPC (see sec.2.1.2). The distribution of secondaries shows
a double peak in correspondence of each dip, due to the amount of particles pro-
duced in the 18 iron bars of field degrader, located between each sensitive pad at the
innermost radius of the TPC.

This azimuthal anisotropy in the reconstruction efficiency may introduce a spu-
rious 18th harmonic component to the observed particle distribution, biasing the
direction of the reconstructed reaction plane. To correct for this effect we assume
that the cumulative φ distribution from a large sample of events is flat in an ideal
detector, this is generally true due to the random orientation of the impact parameter
of the collision with respect to the laboratory frame.

This φ dependence of the reconstruction efficiency can be corrected by intro-
ducing φ weights inversely proportional to the azimuthal efficiency of each φ bin in
the reconstructed dN/dφ distribution. Each track i gets the weight wφi calculated
as:

w(φi) =
1

Nφi

×
∑Nbins

i Nφi

Nbins
, (3.16)

where φi is the azimuthal angle at which the track i is emitted, andNφi is the discrete
bin in the histogram that contains φi. The obtained weights are then used, together
with the pT (or η) weights (see sec.3.2.3), in the calculation of #Qn.

The φ weights must be calculated specifically for the set of cuts in use, to take



• due to the finite number of detected particles there 
is a limited resolution in the event plane angle

• one can correct for that with subevents

resolution and subevents
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• when dominated by  
flow the event plane 
resolution scales with 
M1/2 x v2 (when not too 
close to 1) 

• gives very characteristic 
dependence on 
centrality

• nonflow will scale very 
different: the red line 
was first STAR estimate 
of nonflow

resolution and subevents
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STAR, PRL 86, (2001) 402, Nucl. Phys. A698 (2002) 193



Methods using directly 
(multi)-particle 

correlations
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measure anisotropic flow
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• since reaction plane cannot be measured event-by-event, 
consider quantities which do not depend on it’s orientation: 
multi-particle azimuthal correlations

• assuming that only correlations with the reaction plane are 
present

zero for symmetric detector when averaged over many events

�
ein(�1��2)

�
=

�
ein�1

� �
e�in�2

�
+

�
ein(�1��2)

�

corr

vn ⌘ hein('� R)i



intermezzo 
• why do we define the 

correlations like this:

• easy to relate to vn

• vanishes for independent 
particles

• do not depend on frame Φ 
+ α (shifting all particles by 
fixed angle) gives same 
answer for the correlation

106

�
�x�particles in single event

�

over events



nonflow
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• however, there are other sources of correlations between 
the particles which are not related to the reaction plane 
which break the factorization, lets call those δ2 for two 
particle correlations

v2 > 0, v2{2} > 0 v2 = 0, v2{2} = 0 v2 = 0, v2{2} > 0

ψR



nonflow
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• therefore to reliably measure flow:

• not easily satisfied: M=200 vn >> 0.07

particle 1 coming from the resonance. Out of 
remaining M-1 particles there is only one which is 
coming from the same resonance, particle 2. 
Hence a probability that out of M particles we will 
select two coming from the same resonance is ~ 
1/(M-1). From this we can draw a conclusion that 
for large multiplicity:

p1

p2



can we do better?

• use the fact that flow is a correlation between all 
particles: use multi-particle correlations

• not so clear if we gained something

109

+δ4



Cumulants
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cumulants allow us to see if there are correlations in the system 
between particles (cumulants nonzero only mathematical proof) 



Cumulants
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The most general decomposition of the 2-particle correlation is given by:

hX1X2i = hX1ihX2i+ hX1X2ic
The 2-particle correlation is the product of the single particle distribution 

+ a genuine 2-particle correlation

There is no way to measure the genuine two particle correlation directly
but by rewriting the equation we can obtain them

<..>c are the cumulants

The second order cumulants is rather trivial:

hX1X2ic = hX1X2i � hX1ihX2i



Cumulants
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The most general decomposition of the 3-particle correlation is given by:

hX1X2X3i = hX1ihX2ihX3i+hX1X2ichX3i+hX1X3ichX2i+hX2X3ichX1i+
+hX1X2X3ic

observables are the three particle correlation, the single particle 
distributions and the second order cumulant we already extracted before 

from the two-particle correlation and single particle distributions

With these measurements we extract the 3rd order cumulant 
<X1X2X3>c:

hX1X2X3ic = hX1X2X3i � (hX1ihX2X3i + hX2ihX3X1i + hX3ihX1X2i) +
2hX1ihX2ihX3i

Following this strategy we can extract also all higher order cumulants

If higher order cumulants are zero there is no way to prove that there are 
genuine multi-particle correlation, no matter what two or multiparticles 

show (only way to prove this mathematically)



Can we do better?
• build cumulants with the multi-particle correlations

• for detectors with uniform acceptance 2nd and 4th 
cumulant are given by:

• got rid of two particle non-flow correlations!

113

+δ4

+δ4

Ollitrault and Borghini



Can we do better?
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• therefore to reliably measure flow:

Particle 1 coming from the mini-jet. To select particle 2 we can 
make a choice out of remaining M-1 particles; once particle 2 is 
selected we can select particle 3 out of remaining M-2 particles 
and finally we can select particle 4 out of remaining M-3 
particles. Hence the probability that we will select randomly 
four particles coming from the same resonance is 1/(M-1)(M-2)
(M-3). From this we can draw a conclusion that for large 
multiplicity:

p1

p2

p3 p4



Can we do better?
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• it is possible to extend this:

• for large k 

• as an example: M=200 vn >> 0.005 (more than order of 
magnitude better than two particle correlations)

• to reliably measure small flow in presence of other 
correlations one needs to use multi-particle correlations!



Calculate Correlations
(using nested loops)
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• With M=1000, this approach already for 4-particle correlations gives 1.2 × 1012 operations 
per event!

• calculation of average 6-particle correlation requires roughly 1.4 × 1017 operations, and of 
average 8-particle correlation roughly 8.4 × 1021 operations per event

• clearly not the way to go

To evaluate average 2-particle correlation

in a nested loop # operations



Calculate Correlations
(using Q-cumulants)
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azimuthal two particle correlations:

definition of Q vector of harmonic n

can write two particle correlation in 
terms of Q vector of harmonic n

A. Bilandzic, RS, S. Voloshin (2011)



Calculate Correlations
(using Q-cumulants)
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as we saw before in case of only 
flow correlations

for zero flow, we have a random walk

and as we saw if there is no flow and 
only nonflow we get



Calculate Correlations
(using Q-cumulants)
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two particle correlations can be 
expressed in Q vectors

but also four particle correlations (and more)

with this it becomes trivial to make cumulants again

note the mixed harmonics



Calculate Correlations
(using Q-cumulants)

• pros Q-cumulants

• exact solutions, give same answer as nested loops

• one loop over data enough to calculate all multi-
particle correlations

• number of operations to get all multi-particle 
correlations up to 8th order is 4 x 2 x Multiplicity

• for multiplicities of ~ 1000 the number of 
operations is reduced by a factor 1018 !!

120



nonflow example
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Example: input v2 = 0.05, M = 500, N = 5 × 106 and simulate nonflow by taking each particle twice

as expected only two particle methods are biased



Flow Fluctuations

• By using multi-particle correlations to estimate flow we are 
actually estimating the averages of various powers of flow

• But what we are after is:

122

Both two and multi-particle correlations have an 
extra feature one has to keep in mind! 



Flow Fluctuations

• for σv << <v> this is a general result to order σ2

123



Flow Fluctuations
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Gaussian fluctuation behave as predicted 

Example: input v2 = 0.05 +/- 0.02 (Gausian), M = 500, N = 1 × 106



non-uniform acceptance
• To correct for the bias on the correlations from a non uniform 

detector various techniques have been developed over the 
years

• Initially for analysis (e.g. using the reaction plane method) 
approaches such as  flattening, re-centering, etc were developed

• they required a second run over the data (bad idea 
nowadays)

• some have problems with gaps in the acceptance

• For Q-cumulants we calculate the bias explicitly 

• works to high precision and can be done without extra run 
over data

125



recap ϕ-weights
• first perform a run over the data to get the azimuthal 

distribution in the laboratory (with the cuts on the tracks 
which one uses in the analysis!)

• this should be flat for a good detector

• use in the second run the inverse of the distribution as a 
weight for constructing the weights

126

limitations: needs second run and cannot handle 
big gaps in the detector!



Non-uniform Acceptance
• remember when we started the derivation for the 

multi-particle correlations we removed the terms 
which are zero for a perfect detector

• now we gonna keep track of them

127

zero for symmetric detector

��
ein(�1��2)

��
=

��
ein�1

�� ��
e�in�2

��
+

��
ein(�1��2)

��

corr

��
ein(�1��2)

��

corr
=

��
ein(�1��2)

��
�

��
ein�1

�� ��
e�in�2

��



Non-uniform Acceptance
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for the real part

The yellow terms correct for non-uniform acceptance



Non-uniform Acceptance
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when using ϕ-weight is possible

azimuthal distribution in 
the lab frame ϕ-weights



Non-uniform Acceptance
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For 2nd order both corrections work (and agree)!

when using ϕ-weight is possible



Non-uniform Acceptance
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For 4th order both corrections work (and agree)!

when using ϕ-weight is possible



Non-uniform Acceptance
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corrections are sizable, but work!

when using ϕ-weight is possible



Non-uniform Acceptance
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sizable gaps, can be closed by rebinning but 
then you have really large bins

when using ϕ-weight is not possible



Non-uniform Acceptance
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SP and FQD are off the plot. {QC,2} and {QC,4} are in agreement 
with the Monte Carlo. The projection on fixed angles (GFC and LYZ) 

do a good job (but not as good as the full correction) 

when using ϕ-weight is not possible



Cumulants in Pb-Pb
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note the 
change in 
sign from 

p-p to Pb-Pb

p-p

Pb-Pb
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Flow at first sight!
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remember QC{2} = v2, QC{4} = -v4, QC{6} = 4v6. and QC{8} = -33v8

cumulants show strong collective flow!
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CERN, November 26, 2010:
‘the much hotter plasma produced at the LHC behaves as a 
very low viscosity liquid..’

Elliptic Flow of Charged Particles in Pb-Pb Collisions at
ffiffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV

K. Aamodt et al.*

(ALICE Collaboration)
(Received 18 November 2010; published 13 December 2010)

We report the first measurement of charged particle elliptic flow in Pb-Pb collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼
2:76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement is performed in

the central pseudorapidity region (j!j< 0:8) and transverse momentum range 0:2< pt < 5:0 GeV=c.
The elliptic flow signal v2, measured using the 4-particle correlation method, averaged over transverse

momentum and pseudorapidity is 0:087" 0:002ðstatÞ " 0:003ðsystÞ in the 40%–50% centrality class. The

differential elliptic flow v2ðptÞ reaches a maximum of 0.2 near pt ¼ 3 GeV=c. Compared to RHIC Au-Au

collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, the elliptic flow increases by about 30%. Some hydrodynamic model

predictions which include viscous corrections are in agreement with the observed increase.

DOI: 10.1103/PhysRevLett.105.252302 PACS numbers: 25.75.Ld, 25.75.Gz, 25.75.Nq

The goal of ultrarelativistic nuclear collisions is the
creation and study of the quark-gluon plasma (QGP), a
state of matter whose existence at high energy density is
predicted by quantum chromodynamics. One of the experi-
mental observables that is sensitive to the properties of this
matter is the azimuthal distribution of particles in the plane
perpendicular to the beam direction. When nuclei collide at
finite impact parameter (noncentral collisions), the geo-
metrical overlap region and therefore the initial matter
distribution is anisotropic (almond shaped). If the matter
is interacting, this spatial asymmetry is converted via
multiple collisions into an anisotropic momentum distri-
bution [1]. The second moment of the final state hadron
azimuthal distribution is called elliptic flow; it is a response
of the dense system to the initial conditions and therefore
sensitive to the early and hot, strongly interacting phase of
the evolution.

At RHIC large elliptic flow has been observed and is one
of the key experimental discoveries [2–6]. Theoretical
models, based on ideal relativistic hydrodynamics with a
QGP equation of state and zero shear viscosity, fail to
describe elliptic flow measurements at lower energies but
describe RHIC data reasonably well [7]. Theoretical argu-
ments, based on the AdS/CFT conjecture [8], suggest a
universal lower bound of 1=4" [9] for the ratio of shear
viscosity to entropy density. Recent model studies incor-
porating viscous corrections indicate that the shear viscos-
ity at RHIC is within a factor of%5 of this bound [10–13].

The pure hydrodynamic models [7,14,15] and models
which combine hydrodynamics with a hadron cascade
afterburner (hybrid models) [16,17] that successfully de-

scribe flow at RHIC predict an increase of the elliptic flow
at the LHC ranging from 10% to 30%, with the largest
increase predicted by models which account for viscous
corrections [15–18] at RHIC energies. In models with
viscous corrections, v2 at RHIC is below the ideal hydro-
dynamic limit [12,17] and therefore can show a stronger
increase with energy. In hydrodynamic models the charged
particle elliptic flow as a function of transverse momentum
does not change significantly [7,14], while the
pt-integrated elliptic flow increases due to the rise in
average pt expected from larger radial (azimuthally sym-
metric) flow. The larger radial flow also leads to a decrease
of the elliptic flow at low transverse momentum, which is
most pronounced for heavy particles. Models based on a
parton cascade [19], including models that take into ac-
count quark recombination for particle production [20],
predict a stronger decrease of the elliptic flow as a function
of transverse momentum compared to RHIC energies.
Phenomenological extrapolations [21] and models based
on final state interactions [22] that have been tuned to
describe the RHIC data predict an increase of the elliptic
flow of%50%, larger than other models. A measurement of
elliptic flow at the LHC is therefore crucial to test the
validity of a hydrodynamic description of the medium
and to measure its thermodynamic properties, in particular,
shear viscosity and the equation of state [23].
The azimuthal dependence of the particle yield can be

written in the form of a Fourier series [24,25]:

E
d3N

d3p
¼ 1

2"

d2N

ptdptdy

"
1þ

X1

n¼1

2vncos½nð#(!RÞ)
#
; (1)

where E is the energy of the particle, p the momentum, pt

the transverse momentum, # the azimuthal angle, y the
rapidity, and !R the reaction plane angle. The reaction
plane is the plane defined by the beam axis z and the impact
parameter direction. In general the coefficients vn ¼
hcos½nð#(!RÞ)i are pt and y dependent—therefore we

*Full author list given at the end of the article.
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v2 versus centrality in ALICE

centrality percentile
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Clear separation between v2{2} and higher order cumulants
Higher order cumulant v2 estimates are consistent within 

uncertainties 



End Lecture 1I
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recap lecture 1 and 2
• At high temperatures, ~150 MeV, we expect a phase transition 

from normal nuclear matter to a QGP

• Properties of this matter teaches us about QCD in the 
nonperturbative domain and give some insights in the properties 
of the early universe

• We saw how we characterize the various collisions

• Looked at proposed smoking guns (SPS)

• Characterized the properties of the created system in heavy-
ions; energy density, chemical temperature, kinetic temperature, 
collective expansion, ....

• anisotropy in collective expansion and how we measure this via 
correlations
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highlights at RHIC
M. Roirdan and W. Zajc, Scientific American 34A May (2006)  
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RHIC Scientists Serve Up “Perfect” Liquid
New state of matter more remarkable than predicted -- 
raising many new questions
April 18, 2005
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RHIC Scientists Serve Up “Perfect” Liquid
New state of matter more remarkable than predicted - 
raising many new questions - April 18, 2005
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?

What to expect at the LHC: still the perfect liquid 
or are we approaching the viscous ideal gas?
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The Perfect Liquid
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1 10 210 310 410

2v

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

ALICE
STAR
PHOBOS
PHENIX
NA49
CERES
E877
EOS
E895
FOPI

The system produced at the LHC behaves as a 
very low viscosity fluid (a perfect fluid)
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v2 in ALICE

Stronger radial flow at the LHC
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v2 in ALICE

Stronger radial flow but pure hydro calculations do not 
describe well the most central collisions
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v2 in ALICE

Radial flow build up in the hadronic phase has to be taken into 
account, models have to be more sophisticated
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initial conditions

limit on how “non-ideal” the system is allowed to be depends on 
our understanding of the initial conditions!
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3

where ta are the generators of SU(Nc) in the fundamental
representation (The cell index j is omitted here). The
N2

c −1 equations (4) are highly non-linear and for Nc = 3
are solved iteratively.
The total energy density on the lattice at τ = 0 is given

by

ε(τ = 0) =
2

g2a4
(Nc − Re trU!) +

1

g2a4
trE2

η , (5)

where the first term is the longitudinal magnetic energy,
with the plaquette given by U j

!
= Ux

j Uy
j+x̂ U

x†
j+ŷ U

y†
j .

The explicit lattice expression for the longitudinal elec-
tric field in the second term can be found in Refs. [32, 34].
We note that the boost-invariant CYM framework ne-
glects fluctuations in the rapidity direction. Anisotropic
flow at mid-rapdity is dominated by fluctuations in the
transverse plane but fluctuations in rapidity could have
an effect on the dissipative evolution; the framework to
describe these effects has been developed [35] and will
be addressed in future work. Other rapidity dependent
initial conditions are discussed in Ref. [36].
In Fig. 1 we show the event-by-event fluctuation in

the initial energy per unit rapidity. The mean was ad-
justed to reproduce particle multiplicities after hydro-
dynamic evolution. This and all following results are for
Au+Au collisions at RHIC energies (

√
s = 200AGeV) at

midrapidity. The best fit is given by a negative binomial
(NBD) distribution, as predicted in the Glasma flux tube
framework [37]; our result adds further confirmation to a
previous non-perturbative study [38]. The fact that the
Glasma NBD distribution fits p+p multiplicity distribu-
tions over RHIC and LHC energies [24] lends confidence
that our picture includes fluctuations properly.
We now show the energy density distribution in the

transverse plane in Fig. 2. We compare to the MC-KLN
model and to an MC-Glauber model that was tuned to
reproduce experimental data [4, 8]. In the latter, for ev-
ery participant nucleon, a Gaussian distributed energy
density is added. Its parameters are the same for ev-
ery nucleon in every event, with the width chosen to be
0.4 fm to best describe anisotropic flow data. We will
also present results for a model where the same Gaus-
sians are assigned to each binary collision. The resulting
initial energy densities differ significantly. In particular,
fluctuations in the IP-Glasma occur on the length-scale
Q−1

s (x⊥), leading to finer structures in the initial energy
density relative to the other models. As noted in [25],
this feature of CGC physics is missing in the MC-KLN
model.
We next determine the participant ellipticity ε2 and

triangularity ε3 of all models. Final flow of hadrons vn is
to good approximation proportional to the respective εn
[39], which makes these eccentricities a good indicator of
what to expect for vn. We define

εn =

√

〈rn cos(nφ)〉2 + 〈rn sin(nφ)〉2
〈rn〉

, (6)

FIG. 2. (Color online) Initial energy density (arbitrary units)
in the transverse plane in three different heavy-ion collision
events: from top to bottom, IP-Glasma, MC-KLN and MC-
Glauber [8] models.

where 〈·〉 is the energy density weighted average. The re-
sults from averages over ∼ 600 events for each point plot-
ted are shown in Fig. 3. The ellipticity is largest in the
MC-KLN model and smallest in the MC-Glauber model
with participant scaling of the energy density (Npart).
The result of the present calculation lies in between,
agreeing well with the MC-Glauber model using binary
collision scaling (Nbinary). We note however that this
agreement is accidental; binary collision scaling of eccen-
tricities, as shown explicitly in a previous work applying
average CYM initial conditions [40], does not imply bi-
nary collision scaling of multiplicities.
The triangularities are very similar, with the MC-KLN

result being below the other models for most impact pa-
rameters. Again, the present calculation is closest to the
MC-Glauber model with binary collision scaling. There
is no parameter dependence of eccentricities and trian-
gularities in the IP-Glasma results shown in Fig. 3. It
is reassuring that both are close to those from the MC-
Glauber model because the latter is tuned to reproduce
data even though it does not have dynamical QCD fluc-
tuations.
We have checked that our results for ε2, ε3 are insensi-

MC-
Glauber

MC-KLN

IP-Glasma

gluons

gluons + 
fluctuations

v2 � �



v2 fluctuations
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• measured:

• using:  

• If the eccentricity fluctuates 

• fluctuations change v2  estimate 
significantly!M. Miller and RS, arXiv:nucl-ex/0312008
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v2 versus centrality in ALICE
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v2 fluctuations
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Ideal Shapes

we are not in 
Plato’s ideal world

x, b

y
z

symmetries are not there in single collisions

6 4 2 0 2 4 6
6

4

2

0

2

4

6

y(
fm
)

x(fm)



Azimuthal distributions
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x, b

y
z

symmetries reduce the number of parameters
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1) particle yield at φ and -φ should be equal -> 
yn = 0 (no sin terms)

2) particle yield at φ and φ+π should be equal ->  
cos(nφ) = 0 for odd n

only even harmonics at mid-rapidity, v2, v4, v6, etc
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Azimuthal distributions
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all harmonics at mid-rapidity; v1, v2, v3, v4, v5, v6, etc
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initial conditions and vn
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G. Qin, H. Petersen, S. Bass, and B. Muller

initial spatial geometry not a smooth almond (for which all 
odd harmonics and sin n(Φ-ψR) are zero due to symmetry)

and fluctuates event-by-event 
leads to higher odd harmonics and symmetry planes
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Shear Viscosity
η/s = 0

η/s > 0

u1

u2

u3
u1 > u2 > u3 shear viscosity will make 

them equal and destroy the elliptic flow v2

higher harmonics represent smaller 
differences which get destroyed more 
easily, and which, if measurable, makes 

them more sensitive probes to η/s 
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shear viscosity
τ=0.4 fm/c
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larger η/s clearly smoothes the 
distributions and suppresses 
the higher harmonics (e.g. v3)



The big and little bang
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C. The Science of Quark-Gluon Plasma  
 
A look backwards in time reveals a universe at higher and higher temperatures. Just a microsec-
ond after the big bang, the entire universe was millions of times hotter than the center of the sun. 
As the infant universe cooled, it passed through various phase transitions, just as steam condens-
es to water and then freezes to ice. Above some almost unimaginably high temperature, it is pos-
sible that all known forces of nature were unified. A few microseconds after the big bang, the 
forces of nature were as we know them today but, because the universe was many trillions of de-
grees hot, the matter that filled it was still unrecognizable: no protons or neutrons had yet 
formed, therefore no nuclei, no atoms, and no molecules. The entire universe existed as a pri-
mordial fluid of quarks and gluons, called quark-gluon plasma, until after about 20 microseconds 
it "condensed", forming protons and neutrons, the first complex structures in the universe. 
 
The most powerful accelerators in the world today are capable of colliding nuclei at such high 
energies that they can recreate droplets of the quark-gluon plasma that filled the microseconds-
old universe, making it possible to study its properties in the laboratory and answer questions 
about the nature of the new-born universe that will never be accessible via astronomical observa-
tion. The formation of protons and neutrons from quark-gluon plasma is likely to be the earliest 
scene in the history of the universe that will ever be re-enacted in the laboratory. Each nuclear 
collision at RHIC makes a droplet of quark-gluon plasma, exploding in a "little bang" which rec-
reates the transition by which the first protons and neutrons were formed. These experi-
ments allow us to see the essence of the fundamental nuclear force, as described via the theory of 
QCD. Although the analysis of the experiments is challenging due to the short lifetime and small 
size of these droplets, we have the advantage of billions of little bangs to study as well as a sur-
prising degree of control over their initial conditions.  
 

Figure II-5: Our one universe with its primordial fluctuations (parts per million variations in temperature) as 
measured via photons by the WMAP satellite experiment (left) compared to seed fluctuations (corresponding 
to 10-15% variations in temperature) in four simulated heavy ion collisions at RHIC (right). The measured 
fluctuations bring us knowledge about the quantum fluctuations at the earliest moments of the explosion (big 
bang or heavy ion collision) as well as about the material properties of the rippling fluid that ensues. Obser-
vations of the glow of the big bang or of heavy ion collisions reveal different and complementary properties of 
the trillions-of-degrees-hot matter that filled the microseconds old universe.  
 
Quark-gluon plasma was created in the United States at RHIC, and it was there that we first 
learned of its near-perfect liquid nature. This discovery was the top physics story across all areas 
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Fluctuating initial conditions generate power spectrum of harmonics which are different for 
different collision centralities.
Central collisions dominated by fluctuations resulting in a flat power spectrum 
peripheral collisions dominated by the 2nd order coefficient.
Measurements of the power spectrum allows us to disentangle the various initial state models



Power Spectrum
3

where ta are the generators of SU(Nc) in the fundamental
representation (The cell index j is omitted here). The
N2

c −1 equations (4) are highly non-linear and for Nc = 3
are solved iteratively.
The total energy density on the lattice at τ = 0 is given

by

ε(τ = 0) =
2

g2a4
(Nc − Re trU!) +

1

g2a4
trE2

η , (5)

where the first term is the longitudinal magnetic energy,
with the plaquette given by U j

!
= Ux

j Uy
j+x̂ U

x†
j+ŷ U

y†
j .

The explicit lattice expression for the longitudinal elec-
tric field in the second term can be found in Refs. [32, 34].
We note that the boost-invariant CYM framework ne-
glects fluctuations in the rapidity direction. Anisotropic
flow at mid-rapdity is dominated by fluctuations in the
transverse plane but fluctuations in rapidity could have
an effect on the dissipative evolution; the framework to
describe these effects has been developed [35] and will
be addressed in future work. Other rapidity dependent
initial conditions are discussed in Ref. [36].
In Fig. 1 we show the event-by-event fluctuation in

the initial energy per unit rapidity. The mean was ad-
justed to reproduce particle multiplicities after hydro-
dynamic evolution. This and all following results are for
Au+Au collisions at RHIC energies (

√
s = 200AGeV) at

midrapidity. The best fit is given by a negative binomial
(NBD) distribution, as predicted in the Glasma flux tube
framework [37]; our result adds further confirmation to a
previous non-perturbative study [38]. The fact that the
Glasma NBD distribution fits p+p multiplicity distribu-
tions over RHIC and LHC energies [24] lends confidence
that our picture includes fluctuations properly.
We now show the energy density distribution in the

transverse plane in Fig. 2. We compare to the MC-KLN
model and to an MC-Glauber model that was tuned to
reproduce experimental data [4, 8]. In the latter, for ev-
ery participant nucleon, a Gaussian distributed energy
density is added. Its parameters are the same for ev-
ery nucleon in every event, with the width chosen to be
0.4 fm to best describe anisotropic flow data. We will
also present results for a model where the same Gaus-
sians are assigned to each binary collision. The resulting
initial energy densities differ significantly. In particular,
fluctuations in the IP-Glasma occur on the length-scale
Q−1

s (x⊥), leading to finer structures in the initial energy
density relative to the other models. As noted in [25],
this feature of CGC physics is missing in the MC-KLN
model.
We next determine the participant ellipticity ε2 and

triangularity ε3 of all models. Final flow of hadrons vn is
to good approximation proportional to the respective εn
[39], which makes these eccentricities a good indicator of
what to expect for vn. We define

εn =

√

〈rn cos(nφ)〉2 + 〈rn sin(nφ)〉2
〈rn〉

, (6)

FIG. 2. (Color online) Initial energy density (arbitrary units)
in the transverse plane in three different heavy-ion collision
events: from top to bottom, IP-Glasma, MC-KLN and MC-
Glauber [8] models.

where 〈·〉 is the energy density weighted average. The re-
sults from averages over ∼ 600 events for each point plot-
ted are shown in Fig. 3. The ellipticity is largest in the
MC-KLN model and smallest in the MC-Glauber model
with participant scaling of the energy density (Npart).
The result of the present calculation lies in between,
agreeing well with the MC-Glauber model using binary
collision scaling (Nbinary). We note however that this
agreement is accidental; binary collision scaling of eccen-
tricities, as shown explicitly in a previous work applying
average CYM initial conditions [40], does not imply bi-
nary collision scaling of multiplicities.
The triangularities are very similar, with the MC-KLN

result being below the other models for most impact pa-
rameters. Again, the present calculation is closest to the
MC-Glauber model with binary collision scaling. There
is no parameter dependence of eccentricities and trian-
gularities in the IP-Glasma results shown in Fig. 3. It
is reassuring that both are close to those from the MC-
Glauber model because the latter is tuned to reproduce
data even though it does not have dynamical QCD fluc-
tuations.
We have checked that our results for ε2, ε3 are insensi-
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Currently only the IP-Glasma initial conditions provide a 
consistent description of the measurements
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Compared to data
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• often two-particle correlations are measured using the normalized number of pairs in an 
angular bin

• same distribution is measured using mixed events

• correlation is seen in the difference
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For very peripheral collisions or 
when triggered with a high-pt 
charged particle the dominant 
contribution to two particle 
angular correlations is due to 

jet-correlations
More central heavy ion collisions 

look very very different!
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8

v
2

{2}/"
2

{2}, which would indicate significant viscous
corrections. For MC-KLN CGC calculations the ra-
tios v

2

{2}/"
2

{2} and v
3

{2}/"
3

{2} are almost equal for
the most central collisions, as expected for an almost
ideal fluid [11]. In addition, we notice that the ratio
v
3

{2}/"
3

{2} decreases faster than v
2

{2}/"
2

{2} toward
more peripheral collisions which is expected due to larger
viscous corrections to v

3

.
The centrality dependence of the triangular flow dif-

fers significantly from that of elliptic flow. This might
be due to two reasons: either the centrality dependence
of the spatial ellipticity and triangularity are di↵erent,
and/or the viscous e↵ects are di↵erent. However, in a
small centrality range, such as 0–5%, viscous e↵ects do
not change much and there one might be directly sen-
sitive to the change in the initial spatial geometry. Our
calculations show that even in this small centrality range,
the ratio "

2

/"
3

changes significantly which allows us to
investigate further the geometrical origin of elliptical and
triangular flow. In Fig. 2 v

2

{2} and v
3

{2} are plotted in

centrality percentile
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| > 1}ηΔ{2, |2v
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FIG. 2. (color online) v2 and v3 as a function of centrality for
the 5% most central collisions compared to calculations of the
spatial eccentricities, "Wn {2} and "CGC

n {2}. The eccentricities
have been scaled to match the 2-3% data using k1 and k2.

1% centrality bins for the 5% most central collisions. We
observe that v

3

{2} does not change much versus central-
ity (as would be expected if v

3

is dominated by event-by-
event fluctuations of the initial geometry) while, v

2

{2}
increases by about 60%. We compare this dependence
of v

n

{2} to the centrality dependence of the eccentrici-
ties "

n

{2} for initial conditions from MC-KLN CGC and
Monte Carlo Glauber. We observe that the weak depen-
dence of v

3

{2} is described by both calculations while the
relative strong dependence of v

2

{2} on centrality is only
described for the MC-KLN CGC initial conditions.

The harmonics v
2

{2}, v
3

{2}, v
4

{2} and v
5

{2} as a
function of transverse momentum are shown for the 30%–
40%, 0–5%, and 0–2% centrality classes in Fig. 3. For the
30%–40% centrality class the results are compared to hy-

0 1 2 3 4 5

nv

0

0.1

0.2

0.3

(a)Centrality 30-40%
{2}2v
{2}3v
{2}4v
{2}5v

/s = 0.0)! (2v
/s = 0.08)! (2v
/s = 0.0)! (3v
/s = 0.08)! (3v

0 1 2 3 4 5

nv

0

0.05

0.1

(b)Centrality 0-5%

{2}2v

{2}3v

{2}4v

{2}5v

)c (GeV/
t

p
0 1 2 3 4 5

nv

0

0.05

0.1 (c)Centrality 0-2%
{2}2v
{2}3v

{2}4v
{2}5v

FIG. 3. (color online) v2, v3, v4, v5 as a function of transverse
momentum and for three event centralities. The full, open
symbols are for �⌘ > 0.2 and �⌘ > 1.0, respectively. a)
30%–40% compared to hydrodynamic model calculations b)
0–5% centrality percentile c) 0–2% centrality percentile.

drodynamic predictions using Glauber initial conditions
for di↵erent values of ⌘/s [31]. We observe that, at low-
p
t

, the di↵erent p
t

-dependence of v
2

and v
3

is described
well by these hydrodynamic predictions. However, the
magnitude of v

2

(p
t

) is better described by ⌘/s = 0 while
for v

3

(p
t

) ⌘/s = 0.08 provides a better description. We
anticipate future comparisons utilizing MC-KLN initial
conditions.

9

For central collisions 0-5% we observe that at p
t

⇡ 2
GeV/c v

3

becomes equal to v
2

and at p
t

⇡ 3 GeV/c v
4

also reaches the same magnitude as v
2

and v
3

. For more
central collisions 0-2%, we observe that v

3

becomes equal
to v

2

at lower p
t

and reaches significantly larger values
than v

2

at higher-p
t

. The same is true for v
4

compared
to v

2

.
We compare the structures found with azimuthal cor-

relations between triggered and associated particles to
those described by the measured v

n

components. The
two-particle azimuthal correlations are measured by cal-
culating:

C(��) ⌘ N
mixed

N
same

dN
same

/d��

dN
mixed

/d��
, (3)

where �� = �
trig

��
assoc

. dN
same

/d�� (dN
mixed

/d��)
is the number of associated particles as function of ��
within the same (di↵erent) event, and N

same

(N
mixed

)
the total number of associated particles in dN

same

/d��
(dN

mixed

/d��). Figure 4 shows the azimuthal correla-
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FIG. 4. (color online) The two-particle azimuthal correla-
tion, measured in 0 < �� < ⇡ and shown symmetrized over
2⇡, between a trigger particle with 2 < pt < 3 GeV/c and
an associated particle with 1 < pt < 2 GeV/c for the 0–1%
centrality class. The solid red line shows the sum of the mea-
sured anisotropic flow Fourier coe�cients v2, v3, v4 and v5
(dashed lines).

tion observed in very central collisions 0–1%, for trigger
particles in the range 2 < p

t

< 3 GeV/c with associated
particles in 1 < p

t

< 2 GeV/c for pairs in |�⌘| > 1.
We observe a clear doubly-peaked correlation structure
centered opposite to the trigger particle. This feature
has been observed at lower energies in broader central-
ity bins [32, 33], but only after subtraction of the elliptic
flow component. This two-peak structure has been in-
terpreted as an indication for various jet-medium modi-

fications (i.e. Mach cones) [32, 33] and more recently as
a manifestation of triangular flow [10–13]. We therefore
compare the azimuthal correlation shape expected from
v
2

, v
3

, v
4

and v
5

evaluated at corresponding transverse
momenta with the measured two-particle azimuthal trig-
gered correlation and find that the combination of these
harmonics gives a natural description of the observed cor-
relation structure on the away-side.
In summary, we have presented the first measurement

at the LHC of triangular v
3

, quadrangular v
4

and pen-
tagonal particle flow v

5

. We have shown that the trian-
gular flow and its fluctuations can be understood from
the initial spatial anisotropy. The transverse momentum
dependence of v

2

and v
3

compared to model calculations
favors a small value of the shear viscosity to entropy ratio
⌘/s. For the 5% most central collisions we have shown
that v

2

rises strongly with centrality in 1% centrality per-
centiles. The strong change in v

2

and the small change
in v

3

as a function of centrality in these 1% centrality
percentile classes follow the centrality dependence of the
corresponding spatial anisotropies. The two-particle az-
imuthal correlation for the 0–1% centrality class exhibits
a double peak structure around �� ⇠ ⇡ (the “away
side”) without the subtraction of elliptic flow. We have
shown that the measured anisotropic flow Fourier coe�-
cients give a natural description of this structure.
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4 5 Results

|h| < 1 region for pT > 0.6 GeV/c. For the multiplicity range studied here, little or no depen-
dence of the tracking efficiency on multiplicity is found and the rate of misreconstructed tracks
remains at the 1–2% level.

Simulations of pp, pPb and peripheral PbPb collisions using the PYTHIA, HIJING and HYDJET
event generators, respectively, yield efficiency correction factors that vary due to the different
kinematic and mass distributions for the particles produced in these generators. Applying
the resulting correction factors from one of the generators to simulated data from one of the
others gives associated yield distributions that agree within 5%. Systematic uncertainties due
to track quality cuts and potential contributions from secondary particles (including those from
weak decays) are examined by loosening or tightening the track selections on dz/s(dz) and
dT/s(dT) from 2 to 5. The associated yields are found to be insensitive to these track selections
within 2%.
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Figure 1: 2-D two-particle correlation functions for 5.02 TeV pPb collisions for pairs of charged
particles with 1 < pT < 3 GeV/c. Results are shown (a) for low-multiplicity events (Noffline

trk <
35) and (b) for a high-multiplicity selection (Noffline

trk � 110). The sharp near-side peaks from jet
correlations have been truncated to better illustrate the structure outside that region.

5 Results

Figure 1 compares 2-D two-particle correlation functions for events with low (a) and high (b)
multiplicity, for pairs of charged particles with 1 < pT < 3 GeV/c. For the low-multiplicity
selection (Noffline

trk < 35), the dominant features are the correlation peak near (Dh, Df) = (0, 0)
for pairs of particles originating from the same jet and the elongated structure at Df ⇡ p for
pairs of particles from back-to-back jets. To better illustrate the full correlation structure, the jet
peak has been truncated. High-multiplicity events (Noffline

trk � 110) also show the same-side jet
peak and back-to-back correlation structures. However, in addition, a pronounced “ridge”-like
structure emerges at Df ⇡ 0 extending to |Dh| of at least 4 units. This observed structure is
similar to that seen in high-multiplicity pp collision data at

p
s = 7 TeV [17] and in AA collisions

over a wide range of energies [3–10].

As a cross-check, correlation functions were also generated for tracks paired with ECAL pho-
tons, which originate primarily from decays of p0s, and for pairs of ECAL photons. These
distributions showed similar features as those seen in Fig. 1, in particular the ridge-like corre-
lation for high multiplicity events.

high-multiplicty pA collisions show in addtion to the jet 
correlations also a ridge structure

is this collective flow?
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• suggestive picture, but should be interpreted with great care

• jets + additional structure, measured in an ensemble of events e.g. not clear structure in on 
event or different event types not clear various structures are connected

• additional structure reminds us of collective motion in  heavy-ion collisions
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• large v2 and v3 components measured in pA collisions as well

• does it behave as collective flow?
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Long-range angular correlations in p–Pb collisions ALICE Collaboration

agreement with the presented results.

Fig. 4: Left: v2 (black closed symbols) and v3 (red open symbols) for different multiplicity classes
and overlapping pT,assoc and pT,trig intervals. Right: Near-side (black closed symbols) and away-side
(red open symbols) ridge yields per unit of Dh for different pT,trig and pT,assoc bins as a function of the
multiplicity class. The error bars show statistical and systematic uncertainties added in quadrature. In
both panels the points are slightly displaced horizontally for visibility.

To extract information on the yields and widths of the excess distributions in Fig. 3 (bottom
right), a constant baseline assuming zero yield at the minimum of the fit function (Eq. 2) is sub-
tracted. The remaining yield is integrated on the near side and on the away side. Alternatively,
a baseline evaluated from the minimum of a parabolic function fitted within |Dj �p/2|< 1 is
used; the difference on the extracted yields is added to the systematic uncertainties. The uncer-
tainty imposed by the residual near-side jet peak on the yield is evaluated in the same way as
for the vn coefficients. The near-side and away-side ridge yields are shown in the right panel of
Fig. 4 for different event classes and for different combinations of pT,trig and pT,assoc intervals.
The near-side and away-side yields range from 0 to 0.08 per unit of Dh depending on multiplic-
ity class and pT interval. It is remarkable that the near-side and away-side yields always agree
within uncertainties for a given sample despite the fact that the absolute values change substan-
tially with event class and pT interval. Such a tight correlation between the yields is non-trivial
and suggests a common underlying physical origin for the near-side and the away-side ridges.

From the baseline-subtracted per-trigger yields the square root of the variance, s , within |Dj|<
p/2 and p/2 < Dj < 3p/2 for the near-side and away-side region, respectively, is calculated.
The extracted widths on the near side and the away side agree with each other within 20%
and vary between 0.5 and 0.7. There is no significant pT dependence, which suggests that the
observed ridge is not of jet origin.

The analysis has been repeated using the forward ZNA detector instead of the VZERO for the
definition of the event classes. Unlike in nucleus–nucleus collisions, the correlation between
forward energy measured in the ZNA and particle density at central rapidities is very weak
in proton–nucleus collisions. Therefore, event classes defined as fixed fractions of the sig-
nal distribution in the ZNA select different events, with different mean particle multiplicity at
midrapidity, than the samples selected with the same fractions in the VZERO detector. While
the event classes selected with the ZNA span a much smaller range in central multiplicity den-
sity, they also minimize any autocorrelation between multiplicity selections and, for example,
jet activity. With the ZNA selection, we find qualitatively consistent results compared to the
VZERO selection. In particular, an excess in the difference between low-multiplicity and high-

9
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Table 2: Summary of main systematic uncertainties. The uncertainties depend on pT and multiplicity
class and vary within the given ranges. v2{2PC,sub} is introduced in Sect. 5.

Source v2{2PC} v2{SP} v2{2PC,sub}
Track selection and efficiencies 2–20% 2–20% 0–3%
Particle identification 2–6% 2–3% 2–7%
Contamination by weak decays (only p) 0–10% 0–10% 0–4%
Residual jet contribution — — 3–10%
Sum 2–20% 2–20% 3–14%

Fig. 1: Left panel: associated yield per trigger particle as a function of Dj and Dh for h�p correlations
with 1.5 < pT < 2 GeV/c in the 0–20% event class. Right panel: projection of the left panel correlation
onto Dj averaged over 0.8 < |Dh |< 1.6 on the near side and |Dh |< 1.6 on the away side. The fit using
Eq. 2 and its individual components are superimposed. The figure contains only statistical uncertainty.
Systematic uncertainties are mostly correlated and are less than 5%.

5 Results
The left panel of Fig. 1 shows the associated yield per trigger particle for h� p correlations
with 1.5 < pT < 2 GeV/c in the 0–20% event class. On the near side (|Dj| < p/2) a peak
originating mostly from jet fragmentation is visible around Dh ⇡ 0. In addition, at large |Dh |,
the near-side ridge contribution can be observed. A similar ridge is also present on the away side
(p/2 < Dj < 3p/2), but it cannot be distinguished from the recoil jet contribution as shown
in [23], since both are elongated in Dh . A similar picture holds for h� h, h�K and h� p
correlations. The per-trigger yield is projected onto Dj (right panel of Fig. 1) excluding the
near-side peak by averaging over 0.8 < |Dh |< 1.6 on the near side, while on the away side the
average over the full range is used. This h-gap reduces the jet contribution on the near side,
while the away-side jet contribution is still present.

Before further reducing the jet contribution as in Ref. 23, it is interesting to study the Fourier
coefficients extracted from the Dj projections. For their determination, these projections are fit
with Eq. 2. This fit describes the data well and is shown in the right panel of Fig. 1. The c2/ndf
is about 0.5–1.5 for all the particle species and pT intervals. The first harmonic is found to be
negative and contains a contribution from the away-side jet. The second harmonic has a similar
magnitude as the first while the third is much smaller. Including harmonics higher than the third

8

perform same analysis using particle identification
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p–Pb collisions is qualitatively similar to that in minimum-bias pp collisions at
p

s = 7TeV
(not shown) where the jet contribution dominates. Towards higher multiplicities, a different
picture emerges. In particular, in the 0–20% and the 20–40% multiplicity classes, the particle
species are better separated, with vp

2 < vp
2 up to about 2 GeV/c. There is a hint of vK

2 < vp
2 below

1 GeV/c. At higher pT, vp
2{SP} is slightly larger (about 1s in the 0–20% event class) than that

of pions, while in the case of vp
2{2PC} the uncertainties are too large for a conclusion.

Fig. 3: Top panels: associated yield per trigger particle as a function of Dj and Dh for h�p correla-
tions (left) and h� p correlations (right) for 1.5 < pT < 2 GeV/c for the 0–20% event class where the
corresponding correlation from the 60–100% event class has been subtracted. Bottom panels: projection
of the top panel correlations to Dj averaged over 0.8 < |Dh |< 1.6 on the near side and |Dh |< 1.6 on the
away side. The figure contains only statistical uncertainty. Systematic uncertainties are mostly correlated
and are less than 5%.

To further investigate this interesting evolution with multiplicity, the subtraction method in-
troduced in Ref. 23, which removes a significant fraction of the correlation due to jets, is
applied. The per-trigger yield of the 60–100% event class is subtracted from that in the 0–
20% event class. In the upper panels of Fig. 3 the resulting h� p and h� p correlation for
1.5 < pT < 2 GeV/c are shown. In all considered pT-intervals and for all associated particles
(h, p , K and p) a double-ridge structure is observed with a near-side ridge centred at Dj = 0 and
an away-side ridge centred at Dj = p . Both are independent of Dh within the studied range of
|Dh |< 1.6, apart from an additional excess which is visible around Dj = Dh = 0. This excess

10
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Fig. 4: The Fourier coefficient v2{2PC,sub} for hadrons (black squares), pions (red triangles), kaons
(green stars) and protons (blue circles) as a function of pT from the correlation in the 0–20% multiplicity
class after subtraction of the correlation from the 60–100% multiplicity class. The data is plotted at the
average-pT for each considered pT interval and particle species under study. Error bars show statistical
uncertainties while shaded areas denote systematic uncertainties.

below 0.5 GeV/c and less than 4% for larger pT. Repeating the analysis using the 20–40% event
class and subtracting the 60–100% event class, results in qualitatively similar observations. On
average the v2 values are 15–25% lower and the statistical uncertainties are about a factor 2
larger than in the 0–20% case. For the 40–60% event class, the statistical uncertainties are too
large to draw a conclusion.

The analysis was repeated using the energy deposited in the ZNA instead of the VZERO-A to
define the event classes. The extracted v2 values are consistently lower by about 12% due to the
different event sample selected in this way. However, the presented conclusions, in particular
the observed difference of vp

2 and vp
2 compared between jet-dominated correlations (60–100%

event class) and double-ridge dominated correlations (0–20% event class after subtraction), are
unchanged.

6 Summary
Two-particle angular correlations of charged particles with pions, kaons and protons have been
measured in p–Pb collisions at

p
sNN = 5.02 TeV and expressed as associated yields per trigger

particle. The Fourier coefficient v2 was extracted from these correlations and studied as a func-
tion of pT and event multiplicity. In low-multiplicity collisions the pT and species dependence
of v2 resembles that observed in pp collisions at similar energy where correlations from jets
dominate the measurement. In high-multiplicity p–Pb collisions a different picture emerges,
where vp

2 < vp
2 is found up to about 2 GeV/c. At 3–4 GeV/c, vp

2 is slightly larger than vp
2 , albeit

12
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very similar trends as observed in AA collisions!

Multiplicity Dependence of p±, K±, K0
S

, p(p) and L(L̄) in p–Pb Collisions at . . .The ALICE Collaboration
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Fig. 1: (color online) Invariant pT-differential yields of p±, K±, K0
S

, p(p) and L(L̄) in different multiplicity classes
(sum of positive and negative charge states). Top to bottom: central to peripheral; data scaled by 2n factors for
better visibility. Statistical (bars) and full systematic (boxes) uncertainties are plotted. Dashed curves: blast-wave
fits to each individual distribution.

negative kaons as in [9, 10].

The study of systematic uncertainties follows the analysis described in [9, 10] for p±, K± and p(p̄).
The main sources are the correction for secondary particles (4% for protons, 1% for pions, negligible
for kaons), knowledge of the material budget (3% related to energy loss), hadronic interactions with
the detector material (from 1% to 6%, more important at low pT and for protons), tracking efficiency
(4%), TOF matching efficiency (from 3 to 6%, depending on the particle) and PID (from 2% to 25%,
depending on the particle and the pT range). For the neutral L and K0

S

particles, the main sources are the
level of knowledge of detector materials (resulting in a 4% uncertainty), track selections (up to 5%) and
the feed-down correction for the L and L̄ (5%), while topological selections contribute 2-4% depending
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Multiplicity Dependence of p±, K±, K0
S

, p(p) and L(L̄) in p–Pb Collisions at . . .The ALICE Collaboration
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Fig. 2: (color online) Ratios K/p , p/p , and L/K0
S

as a function of pT in two multiplicity bins (left panels).
The ratios are compared to results in Pb–Pb collisions, shown in the right panels. The empty boxes show the
total systematic uncertainty; the shaded boxes indicate the contribution uncorrelated across multiplicity bins (not
estimated in Pb–Pb).

The observations reported here are not strongly dependent on the actual variable used to select multi-
plicity classes. Alternative approaches, such as using the total charge in both VZERO-A and VZERO-C
detectors, the energy deposited in the ZNA (which originates from neutrons of the Pb nucleus) and
the number of clusters in the first ITS layers reveal very similar trends. In the cases where the largest
deviation is observed, the p/p ratio is essentially the same in 0-5% events and it is ⇠ 15% higher at
pT ⇠ 3 GeV/c in the 60-80% class. Part of this difference is due to the mild correlation of events at for-
ward and central rapidity: the lowest multiplicity class selected with ZNA leads to a larger multiplicity
at midrapidity than the corresponding class selected with the VZERO-A.
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multiple interactions

proton proton collisions show a very strong increase of <pt> 
versus multiplicity (no strong energy dependence)

pA and AA look rather different though

Multiplicity dependence of the average transverse momentum . . . 3

ing procedure is performed using a response matrix generated with a second event generator and the
outcome distribution 〈pT〉 (Nch) is compared with the initial distribution. For pp collisions, PYTHIA6
(Perugia0) [34], PYTHIA8 [42] and PHOJET [43] event generators are used, while for p–Pb and Pb–Pb
collisions we employ the DPMJET [38] and HIJING [44] event generators. This uncertainty dominates
the overall uncertainty at low Nch, and, in pp collisions, also at large Nch. An alternative method, based
on the integration and extrapolation of pT spectra in nacc bins, gives results well within the systematic
uncertainties.

Table 2: Characteristics of pp, p–Pb, and Pb–Pb collisions for events with at least one track in |η |< 0.3 (INEL>0).
The average multiplicity 〈Nch〉 is for |η | < 0.3 and extrapolating to pT = 0. The average transverse momentum
〈pT〉 is obtained in |η |< 0.3 and in the range 0.15< pT < 10.0 GeV/c. The systematic uncertainties are reported;
the statistical uncertainties are negligible. The uncertainties of 〈Nch〉 are from the tracking efficiency.

collision system √sNN (TeV) 〈Nch〉 〈pT〉 (GeV/c)
pp 0.9 3.14±0.16 0.485±0.020
pp 2.76 3.82±0.19 0.527±0.020
pp 7 4.42±0.22 0.564±0.021
p–Pb 5.02 11.9±0.5 0.644±0.024
Pb–Pb 2.76 259.9±5.9 0.678±0.007

The values of 〈Nch〉 and 〈pT〉 for all events with at least one track in |η |< 0.3 (INEL>0) for pp, p–Pb,
and Pb–Pb collisions are presented in Table 2. A small increase in 〈pT〉 is observed in pp collisions as a
function of energy. An increase is seen from pp to p–Pb and to minimum bias Pb–Pb collisions.
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Fig. 1: Average transverse momentum 〈pT〉 in the range 0.15< pT < 10.0 GeV/c as a function of charged-particle
multiplicity Nch in pp collisions at

√
s = 0.9, 2.76, and 7 TeV, for |η | < 0.3. The boxes represent the systematic

uncertainties on 〈pT〉. The statistical errors are negligible.

The average transverse momentum 〈pT〉 of charged particles is shown in Fig. 1 as a function of the
charged-particle multiplicity Nch for pp collisions at

√
s = 0.9, 2.76, and 7 TeV. The multiplicity distri-

butions in pp collisions [45, 46] fall off steeply for large Nch. The present measurement extends up to
values of Nch where statistical errors for 〈pT〉 in the corresponding nacc values are below 5%. An increase
in 〈pT〉 with Nch is observed for all collision energies and also an increase with the collision energy at

4 The ALICE Collaboration

fixed values of Nch, which agrees well with measurements reported by ATLAS [29, 47] at
√
s = 0.9 and

7 TeV. We note a change in slope for all three collision energies at roughly the same value of Nch ≈ 10.
This change in slope was also observed at Tevatron [24, 26] and recently at the LHC [27, 29].

In Monte Carlo event generators, high multiplicity events are produced by multiple parton interactions.
An incoherent superposition of such interactions would lead to a constant 〈pT〉 at high multiplicities.
The observed strong correlation of 〈pT〉 with Nch has been attributed, within PYTHIA models, to color
reconnections (CR) between hadronizing strings [34]. In this mechanism, which can be interpreted as a
collective final-state effect, strings from independent parton interactions do not hadronize independently,
but fuse prior to hadronization. This leads to fewer hadrons, but more energetic. The CR strength
is implemented as a probability parameter in the models. The CR mechanism bears similarity to the
mechanism of string fusion [48] advocated early for nucleus-nucleus collisions. A model based on
Pomeron exchange was shown to fit the pp data [49]. A mechanism of collective string hadronization is
also used in the EPOS model, which was shown recently to describe a wealth LHC data in pp, p–Pb, and
Pb–Pb collisions [50].
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Fig. 2: Average transverse momentum 〈pT〉 versus charged-particle multiplicity Nch in pp, p–Pb, and Pb–Pb
collisions for |η | < 0.3. The boxes represent the systematic uncertainties on 〈pT〉. The statistical errors are
negligible.

Figure 2 shows the average transverse momentum 〈pT〉 of charged particles versus the charged-particle
multiplicity Nch as measured in pp collisions at

√
s = 7 TeV, in p–Pb collisions at √sNN = 5.02 TeV, and

in Pb–Pb collisions at √sNN = 2.76 TeV. In p–Pb collisions, we observe an increase of 〈pT〉 with Nch,
with 〈pT〉 values similar to the values in pp collisions up to Nch ≈ 14. At multiplicities above Nch ≈ 14,
the measured 〈pT〉 is lower in p–Pb collisions than in pp collisions; the difference is more pronounced
with increasing Nch. This difference cannot be attributed to the difference in collision energy, as the
energy dependence of 〈pT〉 is rather weak, see Fig. 1. In contrast, in Pb–Pb collisions, with increasing
Nch, there is only a moderate increase in 〈pT〉 up to high charged-particle multiplicity with a maximum
value of 〈pT〉= 0.685±0.016 (syst.) GeV/c, which is substantially lower than the maximum value in pp.
For pp and p–Pb, Nch> 14 corresponds to about 10% and 50% of the INEL>0 cross section, respectively,
while for Pb–Pb collisions this fraction is about 82%; Nch > 40 corresponds to the upper 1% of the cross
section in p–Pb and to about 70% most central Pb–Pb collisions. This illustrates that the same Nch value
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PYTHIA can describe the data 
rather well using color 
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in pA and AA rise much 
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of pp

pA combination of trends in 
pp and AA
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Fig. 3: Average transverse momentum 〈pT〉 as a function of charged-particle multiplicity Nch measured in pp
(upper panel), p–Pb (middle panel), and Pb–Pb (lower panel) collisions in comparison to model calculations. For
pp collisions, calculations with PYTHIA 8 [42] with tune 4C are shown with and without the color reconnection
(CR) mechanism. The p–Pb and Pb–Pb data are compared to calculations with the DPMJET, HIJING, AMPT, and
EPOS Monte Carlo event generators. The lines show calculations in a Glauber Monte Carlo approach (see text).

corresponds to a very different collision regime in the three systems.

In Pb–Pb collisions, substantial rescattering of constituents are thought to lead to a redistribution of the
particle spectrum where most particles are part of a locally thermalized medium exhibiting collective,
hydrodynamic-type, behavior. The moderate increase of 〈pT〉 seen in Pb–Pb collisions (in Fig. 2, for
Nch ! 10) is thus usually attributed to collective flow [51]. The p–Pb data exhibit features of both pp
and Pb–Pb collisions, at low and high multiplicities, respectively. However, the saturation trend of 〈pT〉
versus Nch is less pronounced in p–Pb than in Pb–Pb collisions and leads to a much higher value of
〈pT〉 at high multiplicities than in Pb–Pb. An increase in 〈pT〉 of a few percent is expected in Pb–Pb
from √sNN =2.76 TeV to 5 TeV, but it appears unlikely that the p–Pb 〈pT〉 values will match those in
Pb–Pb at the same energy. While the p–Pb data cannot exclude collective hydrodynamic-type effects for
high-multiplicity events, it is clear that such a conclusion requires stronger evidence. The features seen
in Fig. 2 do not depend on the kinematic selection; similar trends are found for |η | < 0.8 (|ηlab| < 0.8,
for p–Pb collisions) or for pT > 0.5 GeV/c.

Figure 3 shows a comparison of the data to model predictions for 〈pT〉 versus Nch in pp collisions at√
s = 7 TeV, p–Pb collisions at √sNN = 5.02 TeV and Pb–Pb collisions at

√sNN = 2.76 TeV. For pp
collisions, calculations using PYTHIA 8 with tune 4C are shown with and without the CR mechanism.
As shown earlier [26, 29], the model only gives a fair description of the data when the CR mechanism



Summary
• Produced in AA a system which for bulk observables behaves as a nearly ideal fluid

• soft probes (integrated yields, spectra, correlations) are relatively well understood in 
term of thermal boosted distributions

• clear connection to the geometry of the collision (and fluctuations in the initial 
geometry, strong constraints on initial state models)

• LHC energies allow us to do detailed studies of the hard probes

• nevertheless much of our understanding of the produced system comes from 
soft probes

• in (rare) pp and pA collisions “surprising” similarities with AA observed

• also final state effects? or initial state, e.g. CGC?

• pp and pA much more interesting than just “boring” reference for hard probes

• geometrical picture in pp and pA theoretically rather unconstrained

• LHC ideal testing ground for understanding soft QCD not only in AA but also in pp 
and pA
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